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Models of entry and product
positioning
Motivation:
• Static demand and supply analyses treat the set of available
products as given
• This raises two obvious questions:
1. What determines the set of available products?
2. How would counterfactual analyses change if we allowed market structure to be endogenous? in the short-run or the longrun?
• Answering these questions requires models that can capture the
roles of (at least):
– market structure, technology and strategic interactions
The objective of the empirical game literature is to provide tractable
econometrics models that can be used to study the structure of markets (i.e. number of firms, and characteristics of products). In the
first lecture we will study “long-run” models of market structure (i.e.
static entry games), and in the next two lectures we will talk about
the estimation of dynamic games.
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Examples of research questions:
1. What determines the equilibrium number of firms in a market?
• Is the number of firms be optimal? If not, what is role for
licensing or entry subsidies?
• Will the number of firms increase with market size?
• What is the effect of cyclical variation in market size/demand
on market structure and competitiveness
2. When can firms act to distort market structure?
• entry deterrence, accommodation and predation
• When can such strategies be profitable or credible? How can
we detect/test distortions?
3. How environmental regulations or taxes affect the variety of
products offered? What are the welfare consequences?
4. How might patent reform affect new drug research and entry?
5. Will new entry deal with competition concerns after a merger?
Or will the merged firm increase the number of products that it
offers or differentiate them?
6. What are optimal rules (or subsidies) for auctions in the presence
of an entry margin?
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Back to basics: Estimation to two-players entry games (Tamer
2003)
• Consider the following 2x2 entry game:
y2 = 0
y2 = 1
y1 = 0
(0,0)
(0, x2β2 + u2)
y1 = 1 (x1β1 + u1, 0) (x1β1 + ∆1 − u1, x2β2 + ∆2 + u2)
where ∆1 < 0 and ∆2 < 0.
• Assumptions: (i) (u1, u2) are unobserved to the econometrician, but commonly observed by both players, (ii) firms simultaneously and non-cooperatively choose their actions, and (iii)
(y1, y2) are determined by a Nash equilibrium solution.
• Indirect utility and decision rules for every j = 0, 1:
vj = xj βj + y−j ∆j + uj
(
1 If vj ≥ 0
yj =
0 Else.
• The joint likelihood of observing (y1, y2) is determined by a series
of bivariate probabilities:
Pr [(0, 0)|x]
Pr [(0, 1)|x]
Pr [(1, 0)|x]
Pr [(1, 1)|x]

=
=
=
=

Pr(u1
Pr(u1
Pr(u1
Pr(u1

< −x1β1; u2 < −x2β2)
< −x1β1 − ∆1; u2 ≥ −x2β2 − ∆2)
≥ −x1β1 − ∆1; u2 < −x2β2 − ∆2)
≥ −x1β1 − ∆1; u2 ≥ −x2β2 − ∆2)

• Multiple equilibria: The model has multiple Nash equilibrium in
the monopoly region (0, 1) or (1, 0).
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• This lead to an incoherent econometric model:
Pr [(0, 0)|x] + Pr [(0, 1)|x] + Pr [(1, 0)|x] + Pr [(1, 1)|x] > 1
• Solution? Need to impose some restrictions on Pr [(0, 1)|x] and
Pr [(1, 0)|x]
• In particular, lets define Pr((1, 0)|x):
Pr [(1, 0)|x] = 1 − Pr [(0, 0)|x] − Pr [(0, 1)|x] + Pr [(1, 1)|x]
• At best, the theory can impose bounds on Pr [(0, 1)|x]:
L(x, β) ≤ Pr [(0, 1)|x] ≤ H(x, β)
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Incomplete model

6

Complete model: Maximum probability of (0, 1)
H(x, β) = Pr(u1 < −x1β1 − ∆1; u2 ≥ −x2β2)
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Complete model: Minimum probability of (0, 1)
L(x, β) = Pr(u1 < −x1β1 − ∆1; u2 ≥ −x2β2 − ∆2)
+ Pr(u1 < −x1β1; −x2β2 ≤ u2 < −x2β2 − ∆2
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Example of solutions used in the literature:
• No heterogeneity assumption: u1 = u2 = u.
– This was first proposed by Bresnahan and Reiss (1990)
– If firms are symmetric, the model predicts unique aggregate outcomes
Pr(n = 0|x, β) = Pr(u < −xβ)
Pr(n = 1|x, β) = Pr(−xβ < u < −xβ − ∆)
Pr(n = 2|x, β) = Pr(−xβ − ∆ < u)
If u ∼ N (0, 1) leads to a very simple ordered-probit model.
• Heterogeneity model with partial likelihood
– The model above predicts unique probability for three outcomes: (0, 0), (1, 1), and (0, 1) OR (1, 0)
– The log-likelihood function can thus be re-written as:
L(y, x, β) =

X
(1 − y1t )(1 − y2t ) log Pr [(0, 0)|x] + y1t y2t log Pr [(1, 1)|x]
t

+ ((1 − y1t )y2t + y2t (1 − y2t )) (1 − Pr [(0, 0)|x] − Pr [(1, 1)|x])

– While this approach yields point estimate of β, it is not the
most efficient estimator since it ignores variation that generates (0, 1) and (1, 0). Also, it is not generalizable to more
than 2 firms.
– Tamer (2003) and Ciliberto and Tamer (2009) propose an
approach that relies of new development in the econometrics
of incomplete models
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• Equilibrium selection rules (Berry 1992, Mazzeo 2001): Sequential move
– If the game is played sequentially, the model produces a
unique subgame perfect equilibrium.
– Examples: Order of entry is determined by firms profitability,
or incumbency
• Moment inequality approach: Pakes, Porter, Ho, and Ishii (2006)
(among others)
– Instead of imposing a selection rule and/or distributional assumptions, this approach tries to compute bounds on the
parameter values that satisfy the equilibrium conditions
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Application 1: Entry and Competition in
Concentrated Markets (Bresnahan and Reiss 1991)

• Question: What can we learn about industry conduct from
studying the relationship between N and market size?
• Demand entry threshold: Market size required to support N
firms under free-entry conditions.
• Contribution: Propose a method to estimate the entry thresholds of an industry, and show that these provide scale-free measures of the effect of entry on market conduct.
• Road-map:
– Develop a long-run model of an industry market-structure
– Show how the free-entry condition leads to an ordered-probit
estimator of variable profits and fixed-costs
– Case studies: Dentist, physicians, tire stores, plumbers,
etc.
– Additional references: Bresnahan and Reiss (1987), Bresnahan and Reiss (1990).
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• Assumptions:
– Homogenous firms: Firms have symmetric cost and revenue
functions
– Complete information: Common knowledge about the longrun profit of being in the industry
– Steady-state: The industry is mature and the observed marketstructure is stable.
• Profits:
Πn(Sn) = [Pn − AV Cn(qn, W )] d(Z, Pn)

S
− Fn
n

where,
– n is the number of firms active
– d(Z, Pn) is the demand per consumer in markets with characteristics Z
– S is the market-size
– Pn is the equilibrium price
– AV C(qn, W ) and F are variable and fixed-costs
• Note 1: Variable and fixed-costs are indexed by n to allow the
possibility that later entrants have higher variable or fixed-costs
(e.g. barrier to entry)
• Note 2: This profit function should be thought of as the profit
of the marginal entrant
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• Free-entry: The industry market-structure is such that:
Πn∗ (Sn∗ ) ≥ 0 and Πn∗+1(Sn∗+1) < 0
• Entry thresholds: We can define the free-entry market-structure
using a step-function of the market-size supporting n firms
– S1 =
– S2 =
– ...
– Sn =

F1
[P1 −AV C1 (q1 ,W )]d(Z,P1 )
2F2
[P2 −AV C2 (q2 ,W )]d(Z,P2 )
nFn
[Pn −AV Cn (qn ,W )]d(Z,Pn )

• The goal of the paper is to estimate relative entry thresholds:
S2
S3
S4
s2 = , s3 = , s4 = , . . .
2
3
4
• Economic interpretation? If costs are independent of n, sn
is a scale-free parameter bounded below by one, and is increasing
in the degree of market-power.
• Caveat: This ratio is not a measure of market-power. Instead
it changes in sn measures how profits change with competition.
– If costs are independent of n, sN +1/sN = 1 implies that firms
are competitive or fully collusive.
– If costs are not independent of n, changes in the relative
entry thresholds reveal either markup changes with N (i.e.
conduct) or cost changes with N (e.g. barrier to entry):
sn+1
Fn+1
[Pn − AV Cn (qn , W )] d(Z, Pn )
Fn+1 Vn
=
=
sn
Fn [Pn+1 − AV Cn+1 (qn+1 , W )] d(Z, Pn+1 )
Fn Vn+1

– Therefore, we can make inference about market conduct (i.e.
change in Vm) only under some assumptions about Fn.
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Example: Free entry in the Cournot Model
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Empirical Model:
• Functional form:
Πn = S(Y, λ)Vn(Z, W, α, β) − Fn(W, γ) + 
Where,
– Market size: S(Y, γ) = town population + γ1 nearby pop.
+ γ2 pos. growth + γ3 neg. growth + γ4 out-of-county
commuters
P
– Variable profits: VN = α1 + Xβ − N
n=2 αn
P
– Fixed-cost: FN = γ0+γL land cost + N
n=2 γn
– Residual:  ∼ N (0, 1).
• Likelihood function: Ordered-probit
1 X
log Pr(Ni|Xi, θ)
L(N, X; θ) =
M i
Where,
Pr(Ni|Xi, θ) = Φ(Π̄Ni (X; θ)) − Φ(Π̄Ni+1(Xi; θ))
Pr(0|Xi, θ) = 1 − Φ(Π̄1(Xi; θ))
• Data:
– Sample: 202 isolated counties mostly in the western part
of the US.
– Key variables: Number of active retail or professional providers,
demographic characteristics, growth
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Graphical evidence: Decreasing entry thresholds
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Estimation Results
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Graphical Representation of Entry Thresholds

Application 2: Entry into airline markets (Berry 1992)
Motivation:
• Airline’s scale of operation (or ”airport presence”) at the endpoint cities that constitute the city pair may give it significant
advantages over other airlines.
• Does it represent an important barrier to entry? If so, are airline
markets competitive?
• Identification problems:
– The number of of competitors in a given route is endogenously determined.
– Need a model of market structure, to understand the “causal”
effect of competition on firms profits.
• Challenges:
– Route choice is high-dimensional network choice problem (i.e.
hub-spoke). Therefore, the model will focus on the “partial”
equilibrium of the market structure of individual routes (taking as given the outcomes in other routes)
– Even restricting our attention to individual routes, the market structure is complicated: (i) large number of potential
entrains, (ii) firms are heterogenous (that’s the whole point),
and (iii) game exhibit multiple equilibria.
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Model and assumptions:
• Individual profit function in market i for firm K:
πik (s) = vi(N (s)) + φik
where s is a K × 1 vector of entry strategies, and N (s) is the
number of entrants.
• Assumption: φik is common knowledge.
• Nash equilibrium conditions:
s∗ik πik (s∗) ≥ 0 and (1 − s∗ik )πik (s∗) < 0, for all k = 1, 2, ..., K.
• Implications:
1. In any pure-strategy Nash equilibrium, the number of entering firms is uniquely determined
2. The identity of entrants is not uniquely determined.
• Equilibrium selection rules:
1. Order of play is determined by idiosyncratic profits: φi1 >
φi2 > φi3 > ... > φiK
2. Order of play is determined by incumbency status (i.e. companies that were active in January 1980 move first), and
profits (i.e. within incumbency status, more profitable firms
move first).
• Functional form:
– Common variable profit term:
vi(N ) = Xiβ + β log N + ρei
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– Idiosyncratic profits:
φik = Zik α + σuik
– Scale restriction:
p
εik = 1 − ρ2uik + ρei
where ei and uik are IID standard normal random variables.
– This lead to the reduced-form profit function:
πik (s) = Xiβ + β log N (s) + Zik α + εik
• Solution steps (i.e. assuming order of play):
– Sort firms according to vector (φi1, φi2, ..., φiK )
– Find n∗ such that:
vi(n∗) + φi,n∗ ≥ 0
vi(n∗ + 1) + φi,n∗+1 < 0
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Simulated method of moments:
• Instead of calculating the probability of the observed strategies {sik }, we can simulate S realizations of the random profits
shocks, and compute moments characterizing the equilibrium
market structure.
• Let m̂(x) denote a vector of empirical moments describing the
structure of individual markets (e.g. average number of firms,
covariance between number of firms and airport presence, market
size, etc)
• Simulation procedure:
– Sample random shocks t: (εti1, εti2, ..., εtiK ) for every markets
i.
– Solve the equilibrium market structure: s∗(t)
– Calculate moments: mt(x|θ)
– Moment conditions:
g(x, θ) =

X

m̂(x) − mt(x|θ)

t

– Simulated GMM objective function:
min g(x, θ)T Ω−1g(x, θ)
θ
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Results from restricted models
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Results full restricted model: Two selection
assumptions
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Application 3: Market Structure and Multiple
Equilibria (Ciliberto and Tamer 2009)
• Motivation: A major criticism of the previous two models is
the “ad-hoc” restrictions imposed to select a unique equilibrium.
– Bresnahan and Reiss (1991): No firm heterogeneity
– Berry (1992): Sequential move
– In addition, both approaches ex-ante restrict the sign of the
competitive effect (rule out complementaries)
• Ciliberto and Tamer (2009) propose a different approach based
on an incomplete model. Why is important?
– In their application, heterogeneity across firms is first-order
– Major carriers use hub-spoke network to dominate routes,
and low-cost carriers compete on most major direct routes
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• Illustration: Bresnahan and Reiss (1990)
y1m = 1 [X1mα1 + δ2y2m + 1m ≥ 0]
y2m = 1 [X2mα2 + δ1y1m + 2m ≥ 0]
where (1m, 2m)0 ∼ N (0, Σ).
• Indeterminacy in a figure:

• Likelihood contributions:
Pr((1, 1)|X, θ) = Pr(i1 ≥ −X1m α1 − δ2 ; i2 ≥ −X2m α2 − δ1 )
Pr((0, 0)|X, θ) = Pr(i1 ≤ −X1m α1 ; i2 ≤ −X2m α2 )
Pr((1, 0)|X, θ) = Pr((i1 , i2 ) ∈ R1 (X, θ))
Z
+ Pr((1, 0)|i1 , i2 , X, θ) 1((i1 , i2 ) ∈ R2 (X, θ))dFi1 ,i2
|
{z
}
Selection probability

• Problem: The selection probability is an infinite dimensional
nuisance parameter.
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• Model restrictions:
Pr((i1 , i2 ) ∈ R1 (X, θ)) ≤ Pr((1, 0)|X, θ)
≤ Pr((i1 , i2 ) ∈ R1 (X, θ)) + Pr((i1 , i2 ) ∈ R2 (X, θ))
H1 (X, θ) ≤ Pr((1, 0)|X, θ) ≤ H2 (X, θ)

• Note: If the equilibrium is unique for X and θ, the model
implies a unique likelihood: H1 = H2.
• This robust prediction of the model leads naturally to an estimator based on conditional moment inequality restrictions.
• Notation:
– K = Number of players
– {y1, . . . , y2K } = 2K ×K matrix of possible market-structure
outcomes
– Pr(X) is 2K × 1 vector with element j, Pr(yj |X), the observed probability of observing outcome y0 in markets with
characteristics X.
– X ∈ X denotes the finite set of market characteristics, and
J = |X | denotes the number of elements in that set.
• Profits: Let Xm = {Zim, Wim, Sm}i=1,...,K
πim (y, Xm , ) = Sm αi + Zim βi + Wim γi +

X

yk δi,j +

k6=i

X

yk Zim φij + im

k6=i

where im is the sum of four normal errors: um, uom, udm, uim.
• Nash Equilibrium: Market structure y is a Nash equilibrium
of the simultaneous entry game in market (X, ) if

yi ×Sm αi + Zim βi + Wim γi +


X
k6=i
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yk δi,k +

X
k6=i

yk Zim φik + im  ≥ 0, ∀i = 1, . . . , K

• Conditional moments: At the true underlying parameter
vector θ0, the expeted market-structure E(y|X) = Pr(y|X)
satisfies the following inequality:
H1(y|X, θ0) ≤ Pr(y|X) ≤ H2(y|X, θ0),

∀X ∈ X

• In matrix form, the following inequality vector holds:
H1(X, θ0) ≤ Pr(X) ≤ H2(X, θ0),

∀X ∈ X .

This gives us 2K moment inequalities.
• Identification: In theory the model is point-identified if (a)
X contains at least one exclusion restriction, and (b) this characteristics varies enough across firms/markets (i.e. large support
assumption).
– The logic of the large-support assumption is that the problem
boils down to a single-agent entry game if xim → ∞ for some
(i, m).
– In practice, it is infeasible to verify that this condition holds,
and so the inference methodology needs to be robust to partial identification.
• Estimation:
– Objective function:
Q(θ) =

J
X

wj [||(P (Xj ) − H1 (Xj , θ))− || + ||(P (Xj ) − H2 (Xj , θ))+ ||]

j=1

where ωj is the density of markets with characteristics Xj ,
(A)− = [a11(a1 ≤ 0), . . . , a2k 1(a2k ≤ 0)],
PwK 2
(A)+ = [a11(a1 ≥ 0), . . . , a2k 1(a2k ≥ 0)], and ||B|| = i=1 Bi .
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• Estimation procedure:
– Discretize X in J bins and estimate sample frequency ŵj
– Estimate the empirical analogue of P̂ (Xj ) for all j
– Use simulation methods to evaluate the objective function
Qn(θ). How?
– Sample (1, . . . , K ) ∼ N (0, Σ)
– Solve the model for each (X, i):
1. Set H1(y|X, i, θ) = 0 and H2(y|X, i, θ) = 0 for all y.
2. Loop over possible market-structures: {y1, . . . , y2K }
3. If the NE conditions are satisfied for y, set H2(y|X, i, θ) =
H2(y|X, i, θ) + 1
4. After investigating all possible market-structures, if there
is only one NE configuration then set H1(y|X, i, θ) = 1
– Calculate the average across simulation draws for every 2K
configurations:
1X
H2(y|X, i, θ)
Ĥ2(y|X, θ) =
I i
1X
H1(y|X, i, θ)
Ĥ1(y|X, θ) =
I i
This gives us a measure of the upper and lower bounds on
the probability that y is an equilibrium in markets X.
– Empirical analogue of the objective function:
Qn (θ) =

J
X

h

i
ŵj ||(P̂ (Xj ) − Ĥ1 (Xj , θ))− || + ||(P̂ (Xj ) − Ĥ2 (Xj , θ))+ ||

j=1
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• Inference:
– If the conditions for point-identification could be evaluated,
we could proceed with estimation/inference as usual by minimizing (a smoothed version) of the objective function.
– Since this cannot be done in this case, Ciliberto and Tamer
(2009) conduct inference by bootstrapping the test-statistic
following the method proposed by Chernozhukov, Hong, and
Tamer (2007)
• Data and market definition:
– Source: 2001 Airline Origin and Destination Survey (DB1B).
– Market: Trip between two airports associated with the top
100 MSAs, irrespective of intermediate transfer points and
of the direction of the flight.
– Players: American, Delta, United, Southwest, “medium airlines”, and “low-cost carriers”.
– Key variables:
∗ Airport presence: The average of the carrier’s routes shares
at the two endpoints.
∗ Cost: Sum of distance between endpoints and the carrier’s
nearest hub/ Direct distance
∗ Wright Amendment: Indicator variable equal to one for
markets that have restricted connections to Texas’ Love
Field airport.
∗ Control variable: Market size, income, growth, non-stop
distance, distance to nearest alternative airport.
30
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• With heterogenous effects, multiple equilibria is empirically relevant. 53% of markets
exhibit equilibria with different number of firms.

• Heterogenous competitive effects are economically and statistically significant.

Takeaways:

Estimation Results

Variable effects: Competition × Airport presence
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Application 4: Entry into spatially differentiated
markets (Seim 2006)
Motivation:
• Previous literature has focused on entry into homogenous
good markets.
• Important question: What determines the variety of products
offered?
• Horizontal differentiation hypothesis: The profits are declining
faster in the number of “similar” products, compare to the number of “differentiated” products.
• In principle, we can answer this question by estimating a demand
and pricing mode of competition. However, prices and quantity
data are not readily available for all industries, and standard
static oligopoly models rely on the assumption that the location
of products in exogenous.
• Empirical challenges:
– Common information entry/location-choice games are complicated to solve numerically, and exhibit multiple equilibria.
– Existence of pure-strategy Nash equilibrium is not guaranteed.
– Solution: Introduce incomplete information
• Application: Entry and location choice in the video-store industry (i.e. cassettes and DVDs rental)
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Model description:
• Location choices: li ∈ {0, 1, ..., L}
• Profit function:
Πim(l, l−i) = Xlmβ +

B
X

δbnb(l, l−i) + ξm + εilm

b=1

where nb(li, l−i) denotes the number of competitors located with
distance κb and κb+1 of location li, and εilm is an extreme-value
shock (private information).
• Let p̃lm denote the belief that firms have about the probability
that one firm enter location l in market m.
• Then the expected profit of entering location l is given by:
πim(l, p̃m) = Xlmβ +

B
X

δbE(nb(l, l−i)|p̃m) + ξm + εilm

b=1

πim(l, p̃m) = Xlmβ +

B
X

δbñ(l) + ξm + εilm

b=1
0

P

where ñb(l) = l0 1(κb < D(l, l ) < κb+1)p̃l0mNm, and Nm is
the number of entrants in market m.
• Under this belief structure, the best-response probability mapping for location l is:
PB
exp(Xlmβ + b=1 δbñb(l) + ξm)
plm = Ψlm(p̃m) = P
PB
0
exp(X
β
+
0
lm
l
b=1 δb ñb (l) + ξm )
P
exp(Xlmβ + B
b=1 δb ñb (l))
plm = Ψlm(p̃m) = P
P
B
0mβ +
exp(X
0
l
l
b=1 δb ñb (l))
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• A symmetric perfect-bayesian Nash equilibrium is a fixed point
of this mapping:
p∗lm = Ψlm(p∗m), for all l.
• Existence? Guaranteed following Browser fixed-point theorem
• Uniqueness?
– When B = 2 and δ1 < δ2 < 0: There exist a unique vector
of location choice-probabilities that solve the best-response
mapping.
– Simulations show that this result extends for B = 3, but it
is not guaranteed.
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Estimation:
• Data: Cross-section of markets (i.e. isolated groups of cities)
with the location of every video rental stores in 1999.
• Location: Census-tract
• Potential number of entrants: 50 or twice the actual number of
entrants
• Likelihood function:
– Choice probabilities are implicitly defined by the equilibrium
conditions: p∗lm = Ψlm(p∗m), for all l and m.
– Market-level random effect: ξm ∼ N (0, σξ2)
– Notice that ξm does not enter the choice-probabilities, but it
affects the entry probability:
P
exp(ξ) [ l exp(π̄l (p∗))]
P
Pr(entry) =
1 + exp(ξ) [ l exp(π̄l (p∗))]
and Nm = N̄ × Pr(entry)
– Therefore, the market-level error term can be inverted from
the data:
"
#
X
ξm = log Nm − log(N̄ − Nm) − log
exp(π̄l (p∗))
l

– This produces the following joint likelihood contribution for
market m
X
lm =
nlm log p∗lm + φ(ξm(p∗)/σξ )
l
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