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Class overview
Four numerical problems:

I How to solve non-linear optimization problems?
I How to perform numerical integration?
I How to solve systems of non-linear equations?
I How to approximate functions with large state-space?

Topics/applications:
I Discrete choice models:

F Optimization: MLE
F Integration: Simulations methods, Quadrature, Bayesian and MCMC

I Aggregate demand/sorting models (aka BLP)
F Non-linear equations
F Parallel computing

I Estimation of Dynamic discrete choice problems
F Non-linear equations
F Interpolation methods

I Solution to dynamic games
F Dimension reduction methods

Problem sets:
I 4-6
I Software: Ox + Julia
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Useful references

Computational methods: Miranda and Fackler (2002), Judd (1999)

Simulation methods: Train (2009)

Estimation of dynamic models: Adda and Cooper (2003)

Handbook chapters: Rust (1994), Keane, Todd, and Wolpin (2011),
Doraszelski and Pakes (2007)

Jesús Fernández-Villaverde (Penn) Comp-Econ lectures:

https://www.sas.upenn.edu/ jesusfv/teaching.html
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Discrete Choice Models

Random utility framework:
I Choice-set: j ∈ {0, 1, . . . , J}
I Payoff function:

Vij = uj(Xij ;β) + εij

I Choice-probabilities: Utility maximization

Pr(yi = j |Xi , β) = Pr(Vij > Vij′ ,∀j ′ 6= j |Xi , β)

= Pr(uij − uij′ > εij − εij′ ,∀j ′ 6= j |Xi , β)

I Goal: Infer the shape of the payoff function from chosen actions
(revealed-preference)

I Likelihood function (panel setting):

l(Y ,X |β) =
∑
i

ln Pr(yi1, . . . , yiT |Xi , β)

Identification:
I Scale invariant: Choices are unaffected by multiplying V by any c > 0
I Normalization: Choices are determined by differences in payoffs
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Discrete Choice Models

Assumptions:
I Normalizations: u0(Xi0) = 0 and E (εij) = 0
I Linearity (not very restrictive): uj(Xij ;β) = Xijβ
I Conditional independence (relaxed later): F (εij |Xi ) = F (εij)

Scale restrictions:
I IID errors: Var(εij) = 1 and slopes are measured relative to s.d. of ε

(β/σε)
I Correlated errors: Example j = 1, 2, 3.

Var(εi ) = Ω =

σ2
1 σ12 σ13
. σ2

2 σ23
. . σ2

3


I After normalizing (εij − εi0) and standardizing (m = var(εi1 − εi0) = 1):

Ω̃ =

(
1 (σ2

1 + σ23 − σ12 − σ13)/m
. (σ2

1 + σ2
3 − σ13)/m

)
=

(
1 ρ
. σ

)

ECON 899: Computational economics 5 / 24



Discrete Choice Models

Assumptions:
I Normalizations: u0(Xi0) = 0 and E (εij) = 0
I Linearity (not very restrictive): uj(Xij ;β) = Xijβ
I Conditional independence (relaxed later): F (εij |Xi ) = F (εij)

Scale restrictions:
I IID errors: Var(εij) = 1 and slopes are measured relative to s.d. of ε

(β/σε)
I Correlated errors: Example j = 1, 2, 3.

Var(εi ) = Ω =

σ2
1 σ12 σ13
. σ2

2 σ23
. . σ2

3


I After normalizing (εij − εi0) and standardizing (m = var(εi1 − εi0) = 1):

Ω̃ =

(
1 (σ2

1 + σ23 − σ12 − σ13)/m
. (σ2

1 + σ2
3 − σ13)/m

)
=

(
1 ρ
. σ

)

ECON 899: Computational economics 5 / 24



Binary Choices

Probit: εi1 − εi0 ∼ N(0, 1)

Pr(yi = 1|Xi , β) = 1− Φ(−Xiβ) = Normal CDF

Logit: εij ∼ T1EV(0, 1)

Pr(yi = 1|Xi , β) =
exp(Xiβ)

1 + exp(Xiβ)
= Λ(Xiβ)

Linear probability: εi1 − εi0 ∼ U(−σ, σ)

Pr(yi = 1|Xi , β) = 1− Pr(εi1 − εi0 < Xiβ) =
2σ + Xi β̃

2σ
= Xiβ

Semi-parametric:

Pr(yi = 1|Xi , β) = G (Xiβ)

where G (·) is the non-parametric CDF (e.g. Kernel or
Mixture-of-Normals).
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Estimation: Logit example

ML estimator (cross-section):

max
β

∑
i

ln
[
Λ(Xiβ)yi (1− Λ(Xiβ))1−yi

]
= max

β
L(β)

The FOC is given by the Score of the log-likelihood:

g(β) =
n∑

i=1

(yi − Λi )Xi = 0

where Λi ≡ Λ(Xiβ) and g(β) is a 1× K vector.

The SOC is given by the Hessian:

H(β) = −
n∑

i=1

Λi (1− Λi )X
′
i Xi < 0
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Numerical optimization: Newton’s Method

Second-order Taylor’s expansion around the “truth” β0:

L(β) ≈ L(β0) + g(β0)(β − β0) +
1

2
(β − β0)′H(β0)(β − β0)

If H(β) is negative definite, the approximation to the LLF is
maximized at:

β = β0 − H
(
β0
)−1

g(β0)′

This suggests an iterative approach to maximize L(β):
I Initial value: β0

I Iteration k : βk = βk−1 − H
(
βk−1)−1 g(βk−1)′

I Repeat until: ||βk − βk−1|| < η (e.g. 10−12)

Newton’s algorithm converges quadratically when starting values are
in a “neighborhood” of the solution. To facilitate convergence, the
updating step is augmented by a “line search” parameter sk ∈ (0, 1):

max
sk

L

(
βk−1 − skH

(
βk−1

)−1
g(βk−1)′

)
ECON 899: Computational economics 8 / 24



Alternatives: Quasi-Newton Methods

Quasi-newton methods replace the Hessian with an approximation:

βk = βk−1 − Bkg(βk−1)′

βk = βk−1 − sk

Steepest descent method (Bk = I ):

βk = βk−1 − g(βk−1)

BFGS (default method): Update Hessian approximation as follows

Bk+1 = Bk − Bkzkzk
′
Bk

zk ′Bkzk
+

ykyk
′

yk ′zk

where yk = (g(βk)− g(βk−1))′ and zk = βk − βk−1.
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Alternatives: Simplex method (Nelder-Mead)

Nelder-Mead is a commonly used derivative-free optimization method
for multivariate problems (matlab: fminsearch)

Two-dimension example: β = (β1, β2)

Step 1: Simplex calculationβ0β1
β2

 =

 (β1, β2)
(β1 + s1, β2)
(β1, β2 + s2)


where sk = βkδ (e.g. δ = .05)

I Evaluate and re-order function: L(β(1)) > L(β(2)) > L(β(3))
I Notation: Simplex centroid (M)

M =
1

2

2∑
l=1

βl

Important: The algorithm updates the parameter by repeatedly
replacing the worst point in the simplex, β(3)
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Simplex: Visual example
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Alternatives: Simplex method (Nelder-Mead)

Step 2: Evaluate the function at new reflection point βR

βR = M + α(M − β(3)), [default: α = 1]

Evaluate objective function at reflection point: L(βR).

Three cases:
1 Clear improvement: L(βR) > L(β(1)) (i.e. best point)
2 Improvement over second-best: L(β(2) < L(βR) < L(β(1))
3 No improvement: L(βR) < L(β(2))
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Case 1 (Improvement)

If L(βR) > L(β(1)), expand the simplex in the same direction

βE = βR + γ(βR −M), [default: γ = 1]

If L(βE ) > L(β(1)), replace β(3) with βE . Reorder points, and repeat
step 2.

Otherwise, replace β(3) by βR . Reorder points and repeat step 2.
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Case 2 (Partial Improvement)

If L(β(2)) < L(βR) < L(β1), replace β(3) by βR .

Reorder points, and repeat 2.
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Case 3 (No improvement)

If L(β(2)) > L(βR) we contract the simplex

Contraction point:

βC =

{
M + µ(βR −M) L(βR) > L(β(3))

M + µ(β(3) −M) L(βR) < L(β(3))

Default value for µ = 1/2

If βC is an improvement over β(3), L(βC ) > L(β(3)), replace β(3) by
βC . Reorder points and repeat step 2.

If βC is not an improvement we need to shrink the entire simplex in
the direction of β(1) (best):[

β(1), τβ(1) + (1− τ)β(2), τβ(1) + (1− τ)β(3)
]

I Evaluate objective function at new points. Reorder. Repeat step 2.
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Simplex: Comments

The simplex algorithm is simple, but slow and sometimes unreliable
(Facklery and Miranda). It might get “stuck” if the problem is not
well behaved...

Main advantage: Derivative free
I In many situations we rely on numerical derivatives, which can be

unreliable if the objective function is not very smooth
I Numerical derivatives are also costly to calculate: Calculating the

BFGS step size requires many more evaluations of the function than
the Simplex.

Bottom line: Simplex is often used to explore the function you’re
trying to optimize and get good starting values.
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Additional options

Other derivative-free algorithm used to identify “global” solutions:
I Golden search method
I Simulated Annealing
I Genetics algorithm
I ...

Advices:
I Know your function: Start with a (univariate) grid searches to verify

that the function is smooth
I If the function is not smooth... Try to smooth the model!
I Before using Newton-based methods, find good starting values using

grid-search and/or derivative free methods (e.g. Simplex)
I If the model is inherently non-smooth use derivative-free global

optimization methods and start from different points (and be patient!)

More advices: Pay attention to the scale of the parameters and of the
objective function

I Good practice: β∗ ≈ 1
I Good practice: maxβ L(β)/N
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Multinomial Choice Models

McFadden: Multinomial Logit Model
I Random-utility:

Vij = Xijβ + εij

I Utility shocks: εij ∼ T1EV(0, 1).
I Choice-probabilities under utility maximization:

Pr(yi = 1|Xi , β) = Pr(Vi1 > Vi0, . . . ,Vi1 > ViJ)

=
exp(Xi1β)∑J
j=0 exp(Xijβ)

Likelihood function:

max
β

∑
i

J∑
j=0

1(yi = j) ln [Pr(yi = 1|Xi , β)]
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Common Specifications

Multinomial Logit Model: Choice depends chooser’s characteristics

Pr(yi = j |xi ) =
exp(xiβj)

1 +
∑J

j ′=1 exp(xiβj ′)

I Interpretation: βj measures the marginal effect of individual attribute
xi on the payoff of option j relative to option 0 (scaled by sd of εij).

Conditional Logit Model: Choice depends option characteristics

Pr(yi = j |zi ,Xi0, . . . ,XiJ) =
exp(Xijγ)∑J
j ′=0 exp(Xijγ)

I Intercept and common variables normalization: γ0 = 0 and γz = 0
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Example: Major choice
Return to education: Cobb-Douglas function for majors j = 0, . . . , J

ln Wageij = γj0 +
∑
k

xikγjk + σεεij

Option 0: No college.
Behavioral assumption: Students maximize return to schooling

Pr(Majori = j |xi ) =


exp(βj0+

∑
k xikβjk )

1+
∑J

j′=1 exp(βj′0+
∑

k xikβj′k )
If j ≥ 1

1
1+

∑J
j′=1 exp(βj′0+

∑
k xikβj′k )

If j = 0

Where βjk = (γjk − γ0k)/σε

Interpretation of βjk?

Odds ratioj =
Pr(Majori = j |xi )
Pr(Majori = 0|xi )

= exp(βj0 +
∑
k

xikβk)

⇒
Odds ratioj(xik + ∆)

Odds ratioj(xik)
= exp(βjk∆) = ∆ Odds of choosing j over 0
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Consumer Surplus and Elasticities
Random utility = Consumer Surplus under quasi-linear preferences

Willingness to Payij − pij ⇒ Vij = Xijβ − αpij + εij , α = 1/σε

Consumer surplus: Integrating over the distribution of consumer
shocks (εij)

CSi (Xij) =
1

α
E [max

j
Vij ] =

1

α
ln

∑
j

exp(Xijβ)

 =
1

α
[Inclusive value]

Substitution patterns. Let Dj = Pr(y = j):

∂Dj

∂pk
=

{
−αDj(1− Dj) If j = k

αDjDk If j 6= k

This implies that the elasticity of substitution between j and k is
proportional to demand for k

Elasticityj ,k = αpkDk
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Independence of Irrelevance Alternatives

The relative odds of choosing alternative j over k is independent of
the characteristics of other options:

Pr(yi = j |Xi , β)

Pr(yi = k |Xi , β)
=

exp(Xijβ − αpij)/
∑J

j ′=0 exp(Xij ′β − αpij ′)
exp(Xikβ − αpik)/

∑J
j ′=0 exp(Xij ′β − αpij ′)

=
exp(Xijβ − αpij)
exp(Xikβ − αpik)

Red-bus/Blue-bus:
I Two options: car (c) and blue-bus (bb)
I Equal choice-probability: Pc = Pbb = 1/2 and Pc/Pbb = 1/2

I Identical new red-bus (Xi,bbβ = Xi,rbβ): Pbb/Prb = 1.
I If Pb/Prb = 1 and Pc/Pbb = 1, the logit model predicts:

Pbb = Pc = Prb = 1/3

I Does it make sense?
I Probably not... It would be more reasonable to expect Pc = 1/2 and

Pbb = Prb = 1/4.
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Example: Demand for insurance
Source: Apesteguia and Ballester, JPE, 2018

Two options:
I Risky option:

ui1 = 0.9
11−ωi

1− ωi
+ 0.1

601−ωi

1− ωi

I Risk-free option:

ui2 =
51−ωi

1− ωi

Random-utility model:

max {ui1/σε + εi1, ui2/σε + εi2}

If εij ∼ T1EV (0, 1), we get the following probability of choosing the
risky option:

Pr(yi = 1) =
exp((ui1 − ui2)/σε)

1 + exp((ui1 − ui2)/σε)
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Logit Probability: Demand for Insurance

Implications: (i) non-monotonic relationship between gamble and
risk-aversion, and (ii) Prob(risky) goes to 1/2 as ω →∞ (instead of
0).
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