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Class overview

@ Four numerical problems:
» How to solve non-linear optimization problems?
» How to perform numerical integration?
» How to solve systems of non-linear equations?
» How to approximate functions with large state-space?
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Class overview

@ Four numerical problems:
» How to solve non-linear optimization problems?
» How to perform numerical integration?
» How to solve systems of non-linear equations?
» How to approximate functions with large state-space?
e Topics/applications:
> Discrete choice models:
* Optimization: MLE
* Integration: Simulations methods, Quadrature, Bayesian and MCMC
» Aggregate demand/sorting models (aka BLP)
* Non-linear equations
* Parallel computing
» Estimation of Dynamic discrete choice problems
* Non-linear equations
* Interpolation methods
» Solution to dynamic games
* Dimension reduction methods
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Class overview

@ Four numerical problems:
» How to solve non-linear optimization problems?
» How to perform numerical integration?
» How to solve systems of non-linear equations?
» How to approximate functions with large state-space?
e Topics/applications:
> Discrete choice models:
* Optimization: MLE
* Integration: Simulations methods, Quadrature, Bayesian and MCMC
» Aggregate demand/sorting models (aka BLP)
* Non-linear equations
* Parallel computing
» Estimation of Dynamic discrete choice problems
* Non-linear equations
* Interpolation methods
» Solution to dynamic games
* Dimension reduction methods
@ Problem sets:
> 4-6
» Software: Ox + Julia
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Useful references

Computational methods: Miranda and Fackler (2002), Judd (1999)
Simulation methods: Train (2009)
Estimation of dynamic models: Adda and Cooper (2003)

Handbook chapters: Rust (1994), Keane, Todd, and Wolpin (2011),
Doraszelski and Pakes (2007)

Jests Fernandez-Villaverde (Penn) Comp-Econ lectures:

https://www.sas.upenn.edu/ jesusfv/teaching.html
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Discrete Choice Models

o Random utility framework:
» Choice-set: j € {0,1,...,J}
» Payoff function:
Vij = u(Xj B) + €

> Choice-probabilities: Utility maximization

Pr(}/i:ﬂXi’ﬂ) = PI’(V,'J'> va./ 7éJ|XH )
= Pr(uy — uy > e — €, ' # j|1Xi, B)

» Goal: Infer the shape of the payoff function from chosen actions
(revealed-preference)
» Likelihood function (panel setting):

Iy, X|B) = Z'" Pr(yit, ... yir| X, B)

ECON 899: Computational economics 4 /24



Discrete Choice Models

o Random utility framework:
» Choice-set: j € {0,1,...,J}
» Payoff function:
Vij = u(Xj B) + €

> Choice-probabilities: Utility maximization

Pr(}/i:ﬂXi’ﬂ) = PI’(V,'J'> va./ 7éJ|XH )
= Pr(uy — uy > e — €, ' # j|1Xi, B)

» Goal: Infer the shape of the payoff function from chosen actions
(revealed-preference)
» Likelihood function (panel setting):

Iy, X|B) = Z'n Pr(yii, ..., yirl X, 8)

o ldentification:
» Scale invariant: Choices are unaffected by multiplying V' by any ¢ > 0
» Normalization: Choices are determined by differences in payoffs
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Discrete Choice Models

@ Assumptions:
» Normalizations: wuo(Xjo) =0 and E(e;) =0
» Linearity (not very restrictive): u;j(Xjj; 8) = Xji3
» Conditional independence (relaxed later): F(e;j|Xi) = F(ejj)
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Discrete Choice Models

@ Assumptions:
» Normalizations: wuo(Xjo) =0 and E(e;) =0
» Linearity (not very restrictive): u;j(Xjj; 8) = Xji3
» Conditional independence (relaxed later): F(e;j|Xi) = F(ejj)
@ Scale restrictions:
» IID errors: Var(ej) = 1 and slopes are measured relative to s.d. of €

(B/oc)

> Correlated errors: Example j =1,2,3.
2
01 012 013

Var(e,-) =Q= . (7% 023

2
03

» After normalizing (ejj — €jo) and standardizing (m = var(ej1 — €jp) = 1):

& (1 (Uf+023—012—013)/m) _ (1 p)

(02 + 03 — 013)/m o
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Binary Choices
e Probit: €j1 — €jo ~ N(0,1)
Pr(y; = 1|X;, 8) = 1 — ®(—X;) = Normal CDF
o Logit: € ~ T1EV(0,1)

Xi
Priyi = 1X,.8) = 1 o) = M)

o Linear probability: €j1 — €jo ~ U(—0,0)

20 + X,'B

Pr(y; = 1|1X;, 8) = 1 — Pr(ei1 — €jo < Xi8) = =

= X
@ Semi-parametric:
Pr(yi = 1|1X;, 8) = G(Xi53)

where G(-) is the non-parametric CDF (e.g. Kernel or
Mixture-of-Normals).
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Estimation: Logit example

e ML estimator (cross-section):
maxz In [ (1 — (Xlﬂ))lfy,} — mﬁax L(pB)

@ The FOC is given by the Score of the log-likelihood:

n

g(B) =) _(vi—A)Xi=0

i=1

where A; = A(X;3) and g(B) is a 1 x K vector.
@ The SOC is given by the Hessian:

H(B) ==Y N1 —A)X{X; <0
i—1
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Numerical optimization: Newton's Method

@ Second-order Taylor's expansion around the “truth” 3
1
L(B) ~ L(B%) + &(B)(8 — B°) + 5(B = BV H(B°)(B — B°)

e If H(3) is negative definite, the approximation to the LLF is
maximized at:
B=5"—H () " g5
@ This suggests an iterative approach to maximize L(/3):
> Initial value: 3°
» lteration k: gk =pk1 - H (ﬂkil)flg(ﬁ’“l)'
» Repeat until: ||8X — Bk71|| < n (e.g. 10712)
@ Newton's algorithm converges quadratically when starting values are
in a “neighborhood” of the solution. To facilitate convergence, the
updating step is augmented by a “line search” parameter s* € (0,1):

ms?x L <,3k_1 — sgH (51(_1)71 g(ﬁk_l)/)
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Alternatives: Quasi-Newton Methods

@ Quasi-newton methods replace the Hessian with an approximation:
gk = gkt _ Bkg(pk-1y
gk = gk=1 _ gk
o Steepest descent method (B* = /):
g =pFt —g(B
e BFGS (default method): Update Hessian approximation as follows

!’ ’
BkzkzK Bk ykyk
K Bk 7k YK 7k

where y* = (g(6%) — g(8*71)) and 2* = gk — gk1.

Bk-‘r—l — Bk o
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Alternatives: Simplex method (Nelder-Mead)

o Nelder-Mead is a commonly used derivative-free optimization method

for multivariate problems (matlab: fminsearch)
@ Two-dimension example: 5 = (1, 52)
@ Step 1: Simplex calculation

P (b1, B2)
B = | (Br+s1,52)
B2 (B1, B2 + 2)

where s, = (k0 (e.g. § = .05)
» Evaluate and re-order function: L(B(V) > L(3?®) > L(5®))
» Notation: Simplex centroid (M)

12
M=32.7

@ Important: The algorithm updates the parameter by repeatedly
replacing the worst point in the simplex, 5(3)
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Simplex: Visual example

Simplex Transformations in the Nelder—-Mead Algorithm

Reflection Expansion
| N
Au A
[} (6]
Contraction Shrinkage

B B
A& AA
c c
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Alternatives: Simplex method (Nelder-Mead)

@ Step 2: Evaluate the function at new reflection point SR
BR =M+ a(M — 5O), [default: o = 1]

Evaluate objective function at reflection point: L(3F).
@ Three cases:

@ Clear improvement: L(3F) > L(ﬂ(l)) (i.e. best point)
@ Improvement over second-best: L(3() < L(BR) < L(BM)
@ No improvement: L(3R) < L(3?)
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Case 1 (Improvement)

o If L(BR) > L(BM), expand the simplex in the same direction
BE = BR 4+ ~(BR — M), [default: v = 1]

o If L(BF) > L(BW), replace 33 with BE. Reorder points, and repeat
step 2.
o Otherwise, replace 53 by SR. Reorder points and repeat step 2.
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Case 2 (Partial Improvement)

o If L(BP)) < L(BR) < L(BY), replace 5O by pR.
@ Reorder points, and repeat 2.
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Case 3 (No improvement)

o If L(B®) > L(BR) we contract the simplex

@ Contraction point:

go _ M+ p(BR — M)  L(BR) > L(B?)
M uB® - M) L(BR) < L(BD)

Default value for p=1/2
o If 3€ is an improvement over 53, L(3C) > L(3(®)), replace 53 by
(€. Reorder points and repeat step 2.

o If € is not an improvement we need to shrink the entire simplex in
the direction of 81 (best):

(80,780 + (1 - )8, 780 4 (1 - r)g@

» Evaluate objective function at new points. Reorder. Repeat step 2.
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Simplex: Comments

@ The simplex algorithm is simple, but slow and sometimes unreliable
(Facklery and Miranda). It might get “stuck” if the problem is not
well behaved...

@ Main advantage: Derivative free

» In many situations we rely on numerical derivatives, which can be
unreliable if the objective function is not very smooth

» Numerical derivatives are also costly to calculate: Calculating the
BFGS step size requires many more evaluations of the function than
the Simplex.

@ Bottom line: Simplex is often used to explore the function you're
trying to optimize and get good starting values.
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Additional options

@ Other derivative-free algorithm used to identify “global” solutions:

» Golden search method
» Simulated Annealing

» Genetics algorithm
>

@ Advices:

» Know your function: Start with a (univariate) grid searches to verify
that the function is smooth

» If the function is not smooth... Try to smooth the model!

» Before using Newton-based methods, find good starting values using
grid-search and/or derivative free methods (e.g. Simplex)

> If the model is inherently non-smooth use derivative-free global
optimization methods and start from different points (and be patient!)

@ More advices: Pay attention to the scale of the parameters and of the
objective function

» Good practice: * ~ 1
» Good practice: maxg L(3)/N
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Multinomial Choice Models

o McFadden: Multinomial Logit Model
» Random-utility:
Vip = Xy + €

» Utility shocks: €;; ~ T1EV(0,1).
» Choice-probabilities under utility maximization:

Pr(yi:1|Xiaﬂ) = Pr(V,1> ‘/iO""a\/il> \/IJ)
exp(Xi13)
J
Zj:o exp(Xi3)

@ Likelihood function:

J
mﬁaxzz 1(y; = j) In[Pr(y; = 1|X;, B)]
=0

i
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Common Specifications

o Multinomial Logit Model: Choice depends chooser’s characteristics

exp(xif3;)
1+ Z}'l/:]_ exp(x,-,BJ-:)

Pr(yi = jlxi) =

> Interpretation: 3; measures the marginal effect of individual attribute
x; on the payoff of option j relative to option 0 (scaled by sd of ;).

ECON 899: Computational economics 19 / 24



Common Specifications

o Multinomial Logit Model: Choice depends chooser’s characteristics

exp(xif3;)
1+ Z}'l/:]_ exp(x;ﬁj/)

Pr(yi = jlxi) =

> Interpretation: 3; measures the marginal effect of individual attribute
x; on the payoff of option j relative to option 0 (scaled by sd of ;).

e Conditional Logit Model: Choice depends option characteristics

exp(Xj7)
J
> =0 &xP(Xj7)

Pr(}/i :j‘zl.7Xi07 e 7XiJ) =

> Intercept and common variables normalization: 79 =0 and 7, =0
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Example: Major choice

@ Return to education: Cobb-Douglas function for majors j =0,...,J
InWage; = vjo + > _ Xk + 0ceij
K

Option 0: No college.
@ Behavioral assumption: Students maximize return to schooling
exp(Bjo+2_ Xik Bjk) Ifj>1

7 3,
Pr(Major; = j|x;) = 4254 eXP(ﬁi"oJrEk ity i)

1+ZJ-J/:1 exp(Biro+> 0k XikBjr i)

If j=0

Where Bj = (Vjk — Yok)/0e
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Example: Major choice

@ Return to education: Cobb-Douglas function for majors j =0,...,J
InWage; = vjo + > _ Xk + 0ceij
K

Option 0: No college.
@ Behavioral assumption: Students maximize return to schooling

‘Jéxp(ﬂjoJer XikBji) Ifj>1
Pr(Major; = j|x;) = 4254 eXP(ﬂi"oJer ity i) P

1+ZJJ/:1 exp(Biro+> 0k XikBjr i)
Where B = (vjk — Yok)/0e
@ Interpretation of 37
Pr(Major; = j|xi)

Odds ratio; = Pr(Major; = 0|x;)

= exp(Bjo + Z Xik Bk)
p

Odds ratio;(xjx + A)
Odds ratio;(xik)

= exp(BjkA) = A Odds of choosing j over 0
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Consumer Surplus and Elasticities
@ Random utility = Consumer Surplus under quasi-linear preferences

Willingness to Pay; — p; = Vjj = Xij8 — apj + €, a=1/oc
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Consumer Surplus and Elasticities
@ Random utility = Consumer Surplus under quasi-linear preferences
Willingness to Pay; — p; = Vjj = Xij8 — apj + €, a=1/oc

@ Consumer surplus: Integrating over the distribution of consumer
shocks (€j;)

1 1 1
CSi(Xij) = aE[mJax Vijl = o In Zexp(X;jﬁ) = E[Inclusive value]
J
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Consumer Surplus and Elasticities
@ Random utility = Consumer Surplus under quasi-linear preferences
Willingness to Pay; — p; = Vjj = Xij8 — apj + €, a=1/oc

@ Consumer surplus: Integrating over the distribution of consumer
shocks (€j;)

1 1 1
CSi(Xij) = EE[mJax Vijl = o In Zexp(X;jﬁ) = E[Inclusive value]
J

@ Substitution patterns. Let D; = Pr(y = j):
8Dj - —OéDj(]. - Dj) |f_j =k
dpi | aD;Dy If j # k

@ This implies that the elasticity of substitution between j and k is
proportional to demand for k

Elasticity; , = apx Dk
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Independence of Irrelevance Alternatives
@ The relative odds of choosing alternative j over k is independent of
the characteristics of other options:
Priyi = j1XiB)  exp(XyB — apg)/ 37 _o exp(XyB — apy)
Pr(yi = k| X, B) exp(Xi B — apix)/ Si_gexp(Xip B — apjr)
exp(X; 8 — apy)
exp(Xik3 — apik)
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Independence of Irrelevance Alternatives
@ The relative odds of choosing alternative j over k is independent of
the characteristics of other options:
Priyi = j1XiB)  exp(XyB — apg)/ 37 _o exp(XyB — apy)
Pr(yi = k| X, B) exp(Xi B — apix)/ Si_gexp(Xip B — apjr)
exp(X; 8 — apy)
exp(Xik3 — apik)

o Red-bus/Blue-bus:
» Two options: car (c) and blue-bus (bb)
» Equal choice-probability: P. = Pp, =1/2 and P./Pp, = 1/2
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Independence of Irrelevance Alternatives
@ The relative odds of choosing alternative j over k is independent of
the characteristics of other options:
Pr(yi =jlX.8)  exp(XiB — apy)/ X 5_oexp(Xy B — apy)
Pr(yi = kIXi, ) exp(Xul3 — apix)/ S7_o exp(Xyr 3 — apy)

exp(X;8 — apjj)
exp(Xi B — apix)

o Red-bus/Blue-bus:

Two options: car (c) and blue-bus (bb)

Equal choice-probability: P. = Ppp =1/2 and P./Pp, =1/2
Identical new red-bus (X,"bbﬁ = X,',,bﬁ): Pbb/Prb =1.

If Po/Pw =1 and P./Pp, =1, the logit model predicts:

Ppp = Pe = Pyp=1/3

vV vyVvYy

v

Does it make sense?

ECON 899: Computational economics 22 /24



Independence of Irrelevance Alternatives

@ The relative odds of choosing alternative j over k is independent of
the characteristics of other options:

Pr(y; = j|Xi,8) _ exp(Xi — apy)/ Yj_o exp(XyrB — apyy)
Pr(yi = k’X,', B) exp(X,-kB — Ckp,'k)/ ZjJ’:O eXp(X,'j/B — CkpU/)
exp(Xij83 — apjj

exp(XikS — apik)

o Red-bus/Blue-bus:

Two options: car (c) and blue-bus (bb)

Equal choice-probability: P. = Ppp =1/2 and P./Pp, =1/2
Identical new red-bus (Xi,bbﬁ = Xi,rbﬁ): Pbb/Prb =1.

If Po/Pw =1 and P./Pp, =1, the logit model predicts:

Ppp = Pe = Pyp=1/3

vV vy VvYy

» Does it make sense?
» Probably not... It would be more reasonable to expect P. =1/2 and
Py = Py =1/4.
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Example: Demand for insurance
Source: Apesteguia and Ballester, JPE, 2018

@ Two options:
» Risky option:

11—w[ 601—w,-
i1=0.9 0.1
it 1-— Wi + 1-— wi
> Risk-free option:
51—w,-
tiz = 1- Wi
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Example: Demand for insurance
Source: Apesteguia and Ballester, JPE, 2018

@ Two options:
» Risky option:

11—w[ 601—w,-
i1=0.9 0.1
it 1-— Wi + 1-— wi
> Risk-free option:
51—w,'
Ujp = 1—w

@ Random-utility model:
max {uj1/oc + €1, Uip/0c + €j2}

If e ~ TLEV(0,1), we get the following probability of choosing the
risky option:

exp((ui1 — ui2)/oe)
1+ exp((uir — uin)/o¢)

Pr(y,- = 1) =
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Logit Probability: Demand for Insurance

1

0.75
0.5
0.25 /

0
0.010.140.27 0.4 0.530.660.790.921.051.181.311.441.57 1.7 1.831.962.09

Risk aversion

Probability of choosing the risky option

e Implications: (i) non-monotonic relationship between gamble and
risk-aversion, and (ii) Prob(risky) goes to 1/2 as w — oo (instead of
0).
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