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Alternatives models with non-IlA preferences

o |lA-like substitution patterns are not unique to Logit.

@ Any model with 1ID and full-support shocks will produce similar
substitution/sorting patterns (e.g. |ID multinomial probit).
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Alternatives models with non-IlA preferences

o |lA-like substitution patterns are not unique to Logit.

@ Any model with 1ID and full-support shocks will produce similar
substitution/sorting patterns (e.g. |ID multinomial probit).

@ How to relax the IIA assumption? Introduce correlation between
utility shocks.

@ Three approaches:

> Nested-logit distribution (or Generalized Extreme Value)
» Random-coefficients (i.e. 38;'s)
» Multinomial Probit with correlated errors
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Mixed-Logit Model

@ Random-utility model with random-coefficients:

Vij = XjiBi + €ij,  Where 3; ~ f(3;6)

> 6 are parameters determining the distribution of j;
» A few common examples:

Normal RC: 8; ~ N(u, X)

Normal RC with demographics: 8; = Ziy +n;, n; ~ N(0,X)
Finite mixture: 8; € {f1,...,Bk} and Pr(8; = Bk) = wk

ECON 899: Computational economics 3 /46



Mixed-Logit Model

@ Random-utility model with random-coefficients:

Vij = XjiBi + €ij,  Where 3; ~ f(3;6)

> 6 are parameters determining the distribution of j;
» A few common examples:

Normal RC: 8; ~ N(u, X)
Normal RC with demographics: 8; = Ziy +n;, n; ~ N(0,X)
Finite mixture: 8; € {f1,...,Bk} and Pr(8; = Bk) = wk

@ Mixed-logit conditional choice probabilities:

exp(XiiB)
1+ ZJ-JII exp(X;i )

Pr(y,-:j|X,-0,...,X,-J,9):/ f(ﬁ,e)dﬂEPU
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Substitution Patterns

o FElasticity of substitution: Percentage change in the probability of
choosing option k due to a percentage change in characteristic Xj; /:

X;
mh(x) = / B.Py(B)Pr(B)F(8)dp
= /—Xy,lﬁj,lplj(ﬁ) PI;,I;(B)

ik

f(B)dB # —Xij18;.1P;
21

@ Therefore, the elasticity of substitution between (j, k) is not strictly
proportional to probability of choosing j

» Violation of lIA
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Substitution Patterns

o FElasticity of substitution: Percentage change in the probability of
choosing option k due to a percentage change in characteristic Xj; /:

Xy
o) = / —B1Py(8)Pu(B)F(8)dB

= /—le,/ﬁj,lpij(ﬂ) PI;,I;(,B) f(B)dB # —Xij,18,,1Pjj
ik

#1

@ Therefore, the elasticity of substitution between (j, k) is not strictly
proportional to probability of choosing j
» Violation of IIA
@ The magnitude of T]Jl-k(X;) depends on the correlation between Pj([3)
and Pi(p) across (3's
» If P;j(B) and Py (f) are positively correlated — close substitutes
> In other words, two products are close substitutes if they are popular
among the same “types” of individuals (i.e. (3s)
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Example: Quality Ladder

@ Consumer surplus:
Vij = XijB + €jj — apjj

and Ina ~ N(&,02).

ECON 899: Computational economics



Example: Quality Ladder

@ Consumer surplus:
Vij = Xijl + €jj — apjj
and Ina ~ N(&,02).
o Elasticity of substitution:

LX) = 'Z—:Jk aPjj(a)Pi(a)f(o; 0)da

@ Substitution patterns:
» Luxury products (1 pj;) are purchased by individuals with small «
» Entry products (| pjj) are purchased by individuals with high «
> 15 (Xi) > 0 if (j, k) have similar prices (unlike (j, /))
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Multinomial probit model

@ Similar substitution patterns can be obtained using multinomial probit
model with correlated shocks

@ Example 1: Random utility with 4 options
\/U:X,'jﬂ—l—e,'j G;N(O,Z) and j=0,...,3

@ Option 1 is chosen if:

Ain(B) = ¢ €ios- - €i3 Vii> Vi, Vii> Vs Vii >0
N—— —— ~——

en—en<(Xn—Xp)B  en—en<(Xn—Xiz)B  eo—en<(Xio—Xn)B

@ Other partitions of €'s characterize the choice of other options: A;j;(5)
forj=0,...,3
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Multinomial probit model

o Example 2: Dynamic probit

V. — 1 If X;:3 + €;x >0, and (6,’1, ce ,6,'T) ~ N(O, Z)
"o —1 Else.

E.g.: € = pejr—1 + nir where ni ~ N(0,1) and €1 ~ N(O, = p)2)
(i.e. stationary distribution).

@ As in the previous example, the policy function is defined by a series
of thresholds. Let y; = {yj1,...,yiT} denotes a sequence of binary
choices.

@ The partition of € that rationalize y; is:

€i1 > yin X, ..., 6T > )/iTXiTB}

Ai(yilB) = {Eil,---,EiT

ECON 899: Computational economics 7 /46



Multinomial probit model

@ In both examples, the probability of observing a choice y; is given by:

Pr(yilXi, B) :/ o(ei|X)de

€€Ai(vilB)

@ This is a more complicated integration problem, since we need to
integrate over a truncated support (# mixed-logit model)

ECON 899: Computational economics 8 /46



More complicated integration problems...

@ In other cases, integration is very very complicated, because it is not
feasible to analytically define the region of integration

@ Example: “Pure” characteristics random-utility model

yi =Jif XyBi > XuBi, Vk#j

where 5 ~ N(u, X)

@ In this model, consumers choose different options because they value
observed characteristics differently.

o Characterizing the region of integration A;(y;) is more difficult (linear
programming problem).

@ In order to evaluate the likelihood of observing y; we need to
integrate over an “unknown” distribution:

Pr(yi| Xi, 1, X) = /Z L(yi = j)xU(XiBi > XiBi,Vk # j)o(Bii p, X)
J
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Estimation: Simulated MLE vs GMM

o Estimation of Mixed-Logit and multinomial Probit models must rely
on approximation methods to calculate the choice-probabilities

'E)Ij(e) = Z Wr Pr(”ﬂr)

where 8, ~ f(3;0) is a random-coefficient.

@ Two common estimators:

Simulated MLE: m;xZZd,jln P;i(6)
i

Simulated MM: 3~ 3" [dj — Py(0)] z; = 0

i

where djj = 1(y; = j) and z;; is a vector of “instruments”.
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Estimation: Simulated MLE vs GMM

o Tradeoff: Consistency
» With fixed-R, SML is not consistent. Why? Simulation error enters
non-linearly in the model (because of the “log")
» SMM does not have this problem. Why? Simulation error is linear, and
orthogonal to the instrument z;;.
> References: McFadden (1989) and Pakes & Polard (1989)
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Estimation: Simulated MLE vs GMM

o Tradeoff: Consistency

» With fixed-R, SML is not consistent. Why? Simulation error enters
non-linearly in the model (because of the “log")
» SMM does not have this problem. Why? Simulation error is linear, and
orthogonal to the instrument z;;.
> References: McFadden (1989) and Pakes & Polard (1989)
o Tradeoff: Efficiency

» MSM is not efficient unless z; is chosen “optimally”. In this example,
the most efficient instrument is:

ZZ[C]'J ue)}zu ZZ['J }M—O[Score]

0

This is not feasible without introducing an error, since %};f(e) needs
to be approximated via simulation (breaks consistency)
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Estimation: Simulated MLE vs GMM

o Tradeoff: Consistency
» With fixed-R, SML is not consistent. Why? Simulation error enters
non-linearly in the model (because of the “log")

» SMM does not have this problem. Why? Simulation error is linear, and
orthogonal to the instrument z;;.

> References: McFadden (1989) and Pakes & Polard (1989)
o Tradeoff: Efficiency

» MSM is not efficient unless z; is chosen “optimally”. In this example,
the most efficient instrument is:

ZZ['J Py( }Zu ZZ['J }MZO[Score]

0

This is not feasible without introducing an error, since %};f(a) needs
to be approximated via simulation (breaks consistency)
o Recommendation: Use MLE when the integral can be approximated
reasonably well. Use MSM otherwise. How to choose z;;?
» Non-linear functions of {Xi1,..., X}
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Numerical integration methods

@ Quadrature methods
@ How to draw over “known” density?

» Pseudo-random numbers
» Halton sequences

@ How to draw from “unknown” densities?
» Accept/Reject
» Importance sampling
» MCMC

ECON 899: Computational economics 12 / 46



Quadrature Methods

@ Newton-Cotes Methods:

» Bounded interval: € € (a, b)
» Uniform grid: €, = a+ (r — 1)h (fix step h)
> Linear approximation:

/ (O () de ~ g (m(e))F(e)) + m(eys1)F(er11)) = Trapezoid

r

Area of Trapezoid

a

A=
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Quadrature Methods

o Newton-Cotes Methods (continued):
» Summing across intervals:

R
m~ m(e.)f (e )w,
r=1

where wy = wg = h/2 and w, = h.
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Quadrature Methods

o Newton-Cotes Methods (continued):
» Summing across intervals:

R
m = m(e.)f (e )w,
r=1

where wy = wg = h/2 and w, = h.

» A more accurate estimate can be obtained using a quadratic
approximation (Simpson’s rule)

» The choice of h is crucial: Adaptive quadrature iterates on R until my,
stops changing.
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Quadrature Methods

e Gaussian Methods:
» When the function m(-) is smooth, it is more efficient to “space” the
grid points strategically
» The weights and nodes are chosen such that the polynomial
approximation is satisfied:

R
/ka(x)dx:Z:W,x,f7 k=0,...,2R—-1

» Standard softwares have pre-computed nodes/weights for standard
polynomial degrees
> See Judd (1999) for nodes/weights tables
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Quadrature Methods

o Gaussian Methods:
» When the function m(-) is smooth, it is more efficient to “space” the
grid points strategically
» The weights and nodes are chosen such that the polynomial
approximation is satisfied:

R
/ka(x)dx:ZW,x,f, k=0,...,2R—-1

» Standard softwares have pre-computed nodes/weights for standard
polynomial degrees

> See Judd (1999) for nodes/weights tables

» Given a quadrature degree R, integral can be evaluated:

T NZ (e-)f (e,

» This is the preferred approach for most low-dimensional econometrics
problem. Works very well when m(¢) is smooth and f(e) is
Gaussian-looking
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Quadrature Methods

o Drawback: Curse of dimensionality
» Each dimension requires a small number of nodes (e.g. 10)
» Multidimensional integral can be approximated using the tensor
product of each grid
» Number of evaluations: RY
» Feasible for d <3
@ Recent advances: Sparse Grid Integration
> Alleviate the curse of dimensionality problem
> References: Heiss & Winschel (2010) and Skrainka & Judd (2011)
» Download weights/weights packages: http://www.sparse-grids.de
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Simulation Methods

@ Key idea: Generate a sequence of pseudo-random numbers

» What is pseudo-random number generator? Algorithm that generates a
deterministic sequence of numbers starting from a seed value
» Better alternative: Halton sequence
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Simulation Methods

@ Key idea: Generate a sequence of pseudo-random numbers

» What is pseudo-random number generator? Algorithm that generates a
deterministic sequence of numbers starting from a seed value
» Better alternative: Halton sequence

e Sampling from a univariate distribution f(e):

@ Sample a uniform pseudo-random number: u, ~ U[0, 1]
@ Invert the CDF of €
e = FYu,)

Where F~1(u,) is the quantile function of ()

@ Examples:

Normal distribution: F~}(u) = p+o ()

~———
Std. Normal

Exponential: F(e) =1 —exp(—¢/0) = F1(u) = —oIn(1 — u)
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Halton Sequences: General Idea

@ Goal: Generate a deterministic

sequence of € that have better l a. li |
I u L 1
coverage than standard 13 23
pseudo-random number sequence. B 0 d b e
e Example: Halton sequence of H—t+—+—
degree 3 (must be a prime number) 1/9 4/9 709
© Divide [0,1] in three equal c fad ghbe h
segments (1/3,2/3)
@ Divide each subsegments in three 279 5/9 8/9

Q ...
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Halton Sequences: General Idea

@ Goal: Generate a deterministic

sequence of € that have better l a. li |
I u L 1
coverage than standard 13 23
pseudo-random number sequence. B 0 d b e
e Example: Halton sequence of H—t+—+—
degree 3 (must be a prime number) 1/9 4/9 709
© Divide [0,1] in three equal c fad ghbe h
segments (1/3,2/3)
@ Divide each subsegments in three 279 5/9 8/9

Q ..

o Pseudo-code:
> Initial sequence sp = {0}
» Sequence t: s¢11 = {st,s: + (1/3)%, st + (2/3)'}
st = vector containing the numbers from the previous sequence.
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Halton Sequences: General Idea

@ Goal: Generate a deterministic

sequence of € that have better l 6: li |
I u L 1
coverage than standard 13 23
pseudo-random number sequence. B 0 d b e
e Example: Halton sequence of H—t+—+—
degree 3 (must be a prime number) 1/9 4/9 79
© Divide [0,1] in three equal c fad ghbe h
segments (1/3,2/3)
@ Divide each subsegments in three 279 5/9 8/9

Q ..

o Pseudo-code:
> Initial sequence sp = {0}
» Sequence t: s¢11 = {st,s: + (1/3)%, st + (2/3)'}
st = vector containing the numbers from the previous sequence.
e Example (degree 3 = prime number):
» First sequence: s; contains 3 elements
» Second sequence: s, contains 9 elements
» Second sequence: s3 contains 27 elements
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Halton Sequences: Mixed-Logit

o Key advantage: Halton draws have better coverage than
pseudo-random draws, which means that it requires fewer draws to
achieve the same precision.

o Example: Mixed-Logit choice probability

Pj = /PU(B)f(,B)dﬁ, where dim(3) = K

v

N = Number of individuals (/) and R = Number of simulation draws
For each random-coefficient, generate a Halton sequence of length
M+ N-R

Use different prime numbers for each parameter, and discard the first
M elements (e.g. 10)

The first R draws are used from individual 1, R + 1 to 2R are used for
individual 2, etc.

v

v

v
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Sampling from truncated and multivariate distributions

@ Sampling from truncated and multivariate distributions are the two
more challenging problems
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Sampling from truncated and multivariate distributions

@ Sampling from truncated and multivariate distributions are the two
more challenging problems

@ Special case 1: Univariate truncated distribution. Ex:
1
f(e a,b) = Rf(e) Ifa<e<b

Where K = fab f(€)de is the normalization constant.
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Sampling from truncated and multivariate distributions

@ Sampling from truncated and multivariate distributions are the two
more challenging problems

@ Special case 1: Univariate truncated distribution. Ex:
1
f(e a,b) = Rf(e) Ifa<e<b

Where K = fab f(€)de is the normalization constant.

@ When € is a scalar, we can construct a random sample by drawing
from the truncated uniform distribution
@ Sample uniform r.v.: u, ~ U[0,1]
@ Transform v into a quantile in (a, b): q(u,) = F(a) + u, [F(b) — F(a)]
@ Invert unconditional CDF: ¢, = F~1(q(u,))
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Sampling from truncated and multivariate distributions

@ Sampling from truncated and multivariate distributions are the two
more challenging problems

@ Special case 1: Univariate truncated distribution. Ex:
1
f(e; a,b) = Rf(e) Ifa<e<b

Where K = fab f(e)de is the normalization constant.

@ When € is a scalar, we can construct a random sample by drawing
from the truncated uniform distribution

@ Sample uniform r.v.: u, ~ U[0, 1]
@ Transform u into a quantile in (a, b): q(u,) = F(a) + u, [F(b) — F(a)]
@ Invert unconditional CDF: ¢, = F~1(q(u,))

e Importantly, €, is in (a, b) by construction.
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Sampling from truncated and multivariate distributions
e Special case 2: Multivariate normal (non-truncated). Ex:
e~ N(p,X)

€ =+ Ln where ¥ = L1 and n ~ N(0, /)
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Sampling from truncated and multivariate distributions
e Special case 2: Multivariate normal (non-truncated). Ex:
e~ N(p,X)
€ =+ Ln where ¥ = L1 and n ~ N(0, /)

@ This leads to a recursive formulation (K = 3):

€1 = p1+Lum
€2 = o+ Loymi + Loomn
€3 = p3+ L3t + L3one + L3z

@ Multivariate sampling:

@ Sample K standard-normal variables (iid): 7«
© Rescale the variables using p and L
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Simulation Methods: How to sample from “unknown”
densities

@ We are interested in methods to approximate via simulations:

b
—m= / m(e)f(e; a, b)de ~ Z m(e,)wy
a r
where f(e€; a, b) is the conditional density of e.
@ We will cover four approaches:
> Accept/Reject

» Importance sampling
» MCMC
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Accept/Reject Sampling Method

e Case: dim(e) > 1 and ¢; ~ f(€; a, b)
@ The “naive” method is to sample R numbers from the unconditional
distribution f(€) an apply the truncation rule:
@ Sample ¢, ~ f(e)
Q If a< e < b, keep. Else reject.
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Accept/Reject Sampling Method

e Case: dim(e) > 1 and ¢; ~ f(€; a, b)
@ The “naive” method is to sample R numbers from the unconditional
distribution f(€) an apply the truncation rule:
@ Sample ¢, ~ f(e)
Q If a< e < b, keep. Else reject.
o Let Ag(a, b) denotes the set of “accepted” €,. If #.Ag(a, b) — co we
can consistently approximate the integral:

_ 1
TN e 2 M)
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Accept/Reject Sampling Method

Case: dim(e) > 1 and €; ~ f(€; a, b)
The “naive” method is to sample R numbers from the unconditional
distribution f(€) an apply the truncation rule:

@ Sample ¢, ~ f(¢)

Q If a<e¢, < b, keep. Else reject.
Let Ag(a, b) denotes the set of “accepted” ¢,. If #.Ar(a,b) — co we
can consistently approximate the integral:

- 1
m= % Ar(a, b) Z m(e,)

reA(a,b)

Upside: Always work. Even when we cannot evaluate f(¢; a, b)
Drawbacks:

» The number of draws cannot be fixed ex-ante: E[#.Ag(a,b)] = K X R
and K is unknown

» Otherwise we obtain a very noisy estimate of m

» Particularly problematic when K is small (e.g. rare events)
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Importance Sampling

e Case: Difficult to sample directly from f(e).
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Importance Sampling

e Case: Difficult to sample directly from f(e).

o IS formulation:
n = me@ €)de
o= / ()g(e)d )d
= Z f(ér) Z m(e,)w,

where {€,},—1.__r is a random sample drawn from g(e).

@ Restrictions:

» Density g(e) must have the same support as f(e)
» Make sense only if it is easy to sample from g(-)
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Importance Sampling

e Case: Difficult to sample directly from f(e).

@ IS formulation:

n = me@ €)de
m- <)g6)g()d
~ FLme = X mler)w

where {e,},—1__ g is a random sample drawn from g(e).
@ Restrictions:

» Density g(e) must have the same support as f(e)
» Make sense only if it is easy to sample from g(-)

o Example: Truncated normal distribution with correlated errors.

> f(e) = o6, T)/K
» g(e): Truncated normal distribution over (a, b) with independent errors
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Example: Multinomial Probit

@ Example with 4 choices:
VU = X,'_,ﬂ +€jj €~ (0, Z)

See lecture 1 for discussion on how to standardize ¥.
@ The probability of choosing option 4 (arbitrariry):

Pr(d,-4 = ].) = Pr(e,-j —€ia < —(X,‘j — X,'4)5,Vk ;ﬁ 4)

= / dF (i1 — €ia, €11 — €3, €3 — €ia)
A1NANA3
where A; = {ejj — €ja < —(Xjj — Xia) B}
@ Redefine the variables in difference relative to 4:

Vij = €jj — €ja

Xi = Xij — Xia

v~ N(O,E), Tauz=LL
v=1Ln, n~N(QO,/I).
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Example: Multinomial Probit

@ Three approaches
» Monte-Carlo simulation with Accept-Reject
» SML with the GHK simulator (truncated normal)
» Bayesian with MCMC simulator
@ Accept-Reject:
@ Draw R vectors nf ~ (0, /),
@ Keep draw r if C'nf € A1 N Ay N Az. Otherwise reject.
© Compute simulated choice probability:

— Number accepted draws
Pr(da) = = (1)

@ Problems and limitations of A/R:

» Non-smooth simulator (i.e. cannot use gradient methods)
> Require a high number of draws to avoid Pr(dis) = 0.
» If the dimension of integration is large: infeasible
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GHK Method

@ Recall that:

vi=Lim, v = Lo+ Loanp, w3 = L3iny + Lapne + Laans
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GHK Method

@ Recall that:
v =Lum, vo= Lo+ Lo, vz = Lain + Lzono + Lzans

@ In order to compute Is\r(d,-4 = 1) we proceed sequentially:
@ Draw v/;: Compute ®;1 = Pr(ri1 < —X73). Draw nf from a

_Xf_fﬁ)

truncated normal: 7 ~ &( oy
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GHK Method

@ Recall that:
vi=Lim, v = Lo+ Loanp, w3 = L3iny + Lapne + Laans

@ In order to compute PAr(d,-4 = 1) we proceed sequentially:
© Draw vj;: Compute ®;; = Pr(viy < —Xj78). Draw 7{ from a

truncated normal: 7 ~ Cb(—XL”—f)

@ Draw v/, from a truncated normal (conditional on v/];):

vy = Loty + Loomp < = X508

—X*ﬂ — L2177r
o ¢<M) = o,
2 L 2

Compute I/,-r2 = L21’I’},-r1 + L22’/7’-r2.
© Compute ®;3 similarly.
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GHK Method

@ Recall that:
v =Lum, vo= Lo+ Lo, vz = Lain + Lzono + Lzans

@ In order to compute ﬁr(d,-4 = 1) we proceed sequentially:
@ Draw v/;: Compute ®;1 = Pr(ri1 < —X73). Draw nf from a
truncated normal: n ~ (—212)

Ly
@ Draw v/, from a truncated normal (conditional on v/];):

vy = Loing + Loamp < — X388
— X358 — Loin-
0~ ¢<M) — o,
Lo
Compute I/,-r2 = L21’I’},-r1 + L22’/7’-r2.
© Compute ®;3 similarly.
@ Compute Pr(dis = 1):

P = 1 Z q,(%fB) % ¢(—X,-’§f3L; L12T]irl) % ¢(_Xi§fg - Lzlgﬁ - L3277ir2)
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GHK Method

@ Advantages of the GHK:

» Highly accurate even with high dimension integrals
» Differentiable: Can use standard Quasi-Newton methods
» Require fewer draws than MC-AR
» Applicable to panel data (i.e. serial correlation in €)
o References: Geweke (1991), Keane (1994), Hajiavassiliou et al.
(1994)
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Monte-Carlo Markov Chain Methods (MCMC)

e Goal: Construct a random-sample {€:},_; g drawn from
distribution f(€) (unknown)

o General Idea: Construct Markov chain {€:},_; g such that the
invariant distribution is well approximated by f(¢)

» Markov chain? A stochastic model describing a sequence of
{€t},=1. g such that the probability distribution of the ¢; depends on
the realization of €;_1
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Monte-Carlo Markov Chain Methods (MCMC)

e Goal: Construct a random-sample {€:},_; g drawn from
distribution f(€) (unknown)

General Idea: Construct Markov chain {e;},_; g such that the
invariant distribution is well approximated by f(e)

» Markov chain? A stochastic model describing a sequence of
{€t},—1 g such that the probability distribution of the ¢; depends on
the realization of €;_1

Two methods:
> Gibbs sampling
» Metropolis-Hastings sampling

The two methods can be used separately or together.

Most common application: Bayesian estimation (i.e. sampling
distribution f(-) is the likelihood itself)

ECON 899: Computational economics 29 / 46



Monte-Carlo Markov Chain Methods

Gibbs Sampling
o Example: Draw from truncated normal distribution with correlated
errors f (€1, €2; a, b)
@ Insight: Drawing from the conditional distribution is often easier
> If e~ N(p,X), f(er;€a,..., €1, 14, X) is also a normal density.
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Monte-Carlo Markov Chain Methods

Gibbs Sampling

o Example: Draw from truncated normal distribution with correlated
errors f (e1, €2; a, b)
@ Insight: Drawing from the conditional distribution is often easier
> If e~ N(p,X), f(er;€a,..., €1, 14, X) is also a normal density.
o Algorithm Steps:

» Initial step: Select starting point €3

» Element t of the chain: Draw from univariate truncated normals
@ Sample € from f(e1; ek, a, b)
@ Sample €} from f(e2; €, a, b)

> Repeat the process: {e},e5}i=1,.. R
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Monte-Carlo Markov Chain Methods

Gibbs Sampling

e Example: Draw from truncated normal distribution with correlated
errors f (e1, €2; a, b)
@ Insight: Drawing from the conditional distribution is often easier
> If e~ N(u,X), f(er;€2,...,€1,1,2) is also a normal density.
o Algorithm Steps:

» Initial step: Select starting point €3
» Element t of the chain: Draw from univariate truncated normals

@ Sample € from f(e1; ek, a, b)
@ Sample €} from f(e2; €, a, b)

> Repeat the process: {e},e5}i=1,.. R
o Implications:
» Drop the first M elements (burn-in)
» Remaining elements: Random draws from joint distribution
f(el, €2, 4, b)
o Drawback of Gibbs: Not all distributions can be expressed as a
series of conditional densities that are easy to draw from (e.g. normal)
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Monte-Carlo Markov Chain Methods

Metropolist-Hastings Sampling

o Metropolist-Hastings: Construct a markov chain without sampling
from £()!
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Monte-Carlo Markov Chain Methods

Metropolist-Hastings Sampling

o Metropolist-Hastings: Construct a markov chain without sampling
from £()!
@ Algorithm steps: Construct random sample from f(eq,. .., €k)
» Initial point: €°
> lteration k:

@ New random variable: €k~: =1 4+ 1 where n ~ N(0, o)
@ Calculate density at &: f(*) oc f(€¥)
@ Stochastic Accept/Reject:

. & With probability p(&, e~1)
€E =
=1 With probability 1 — p(e¥, ¢~1)

where p(&¥, ¥71) = min(1, f(e%)/F(€71))
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Monte-Carlo Markov Chain Methods

Metropolist-Hastings Sampling

o Metropolist-Hastings: Construct a markov chain without sampling
from £()!
@ Algorithm steps: Construct random sample from f(eq,. .., €k)
» Initial point: €°
> lteration k:
@ New random variable: & = ¢! + 5 where n ~ N(0, o)
@ Calculate density at &: 7(€¥) o f(€¥)
@ Stochastic Accept/Reject:
« _ J&  With probability p(, ")
© T )et With probability 1 — p(&¥, 1)

where p(&¥, ¥71) = min(1, f(e%)/F(€71))
» Important: As long as f(-) is proportional to f(-), the chain will
generate a random sample from f(€). Truncated normal example:

Fe: a, b) = %f(e) L F(e) = dle 3
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Monte-Carlo Markov Chain Methods

Metropolist-Hastings Sampling

o Tuning comments:

» o controls the acceptance probability

» Rule of thumb: Set o such that the acceptance probability is ~ 50%
(univariate)

» MH can be constructed sequentially (one €, at a time) or
simultaneously

» Convergence test: The chain must converge to the invariant
distribution (e.g. moments stop chaging)

» The sequence of €'s exhibit a high degree of serial correlation
(random-walk)
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Monte-Carlo Markov Chain Methods

Metropolist-Hastings Sampling

o Tuning comments:

» o controls the acceptance probability

» Rule of thumb: Set o such that the acceptance probability is ~ 50%
(univariate)

» MH can be constructed sequentially (one €, at a time) or
simultaneously

» Convergence test: The chain must converge to the invariant
distribution (e.g. moments stop chaging)

» The sequence of €'s exhibit a high degree of serial correlation
(random-walk)

> Solution: (i) Drop first M draws, and (ii) use R IID subsets

{fr}rzl,...,R = {Et}tzM,M+10,...,M+R'10

Caculate moments: M*R(e,). Stop if [MET1R)(e,) — MR (e,)| < n.
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Application: Bayesian Estimation

@ Central idea: Inference about the model parameters 6 can be
performed using Bayes’ rule:

k(0)I(Y, X|0)
(Y, X)

where /(Y, X|0) is the model likelihood, k(#) is the prior density over
0, and I(Y, X) is the marginal density of observed data (normalizing
constant)
» For a “frequentist”, p(A|Y, X) is approximated by the asymptotic
distribution of
» For a “bayesian”, p(6]Y, X) is the posterior distribution of the
parameters

p(0]Y, X) = x k(0)I(Y,X|6)
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Application: Bayesian Estimation

@ Central idea: Inference about the model parameters 6 can be
performed using Bayes’ rule:

k(0)I(Y, X|0)
(Y, X)
where /(Y, X|0) is the model likelihood, k(#) is the prior density over

0, and I(Y, X) is the marginal density of observed data (normalizing
constant)
» For a “frequentist”, p(A|Y, X) is approximated by the asymptotic
distribution of
» For a “bayesian”, p(8]Y, X) is the posterior distribution of the
parameters
@ In many econometrics applications, we select an “uninformative” prior
k() (or flat), and the posterior distribution is used much like the
asymptotic distribution (e.g. confidence interval, test-statistics, etc)

p(0]Y, X) = x k(0)I(Y,X|6)
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Application: Bayesian Estimation

@ Central idea: Inference about the model parameters 6 can be
performed using Bayes’ rule:
k(0)I(Y, X|0)
I(Y, X)
where /(Y, X|0) is the model likelihood, k(#) is the prior density over
0, and I(Y, X) is the marginal density of observed data (normalizing
constant)
» For a “frequentist”, p(A|Y, X) is approximated by the asymptotic
distribution of 6

» For a “bayesian”, p(8]Y, X) is the posterior distribution of the
parameters

@ In many econometrics applications, we select an “uninformative” prior
k() (or flat), and the posterior distribution is used much like the
asymptotic distribution (e.g. confidence interval, test-statistics, etc)

o Simulation: Rather than calculating the posterior directly
(impossible), we approximate p(f]Y’, X) using Monte-Carlo
Markov-Chain (MCMC) methods

p(0]Y, X) = x k(0)I(Y,X|6)
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Example 1: Binomial Probit (Gibbs)

@ Radom utility for option 1:
Vij = XiB +¢; = (Xi1 — Xio) B + €i1 — €io
and ¢; ~ N(0,1)
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Example 1: Binomial Probit (Gibbs)
@ Radom utility for option 1:
Vij = XiB +¢; = (Xi1 — Xio) B + €i1 — €io

and ¢; ~ N(0,1)
o Data augmentation: Treat the latent utility V; as part of the
parameter vector

P(Vis..s Va BIY, X) = p(VI8, Y. X)p(] Y, X)

where p(V|f3, Y, X) is the joint density of latent utilities given
choices.
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Example 1: Binomial Probit (Gibbs)

@ Radom utility for option 1:

Vij = XiB+ €; = (Xin — Xio)B + €1 — €io
and ¢; ~ N(0,1)

o Data augmentation: Treat the latent utility V; as part of the
parameter vector

p(V17 tey Vn,ﬁ’Y,X) = p(v|/87 Y7X)p(/B|Y7X)
where p(V|f3, Y, X) is the joint density of latent utilities given

choices.

o Key idea: Under the assumption that ¢; is N(0, 1) (iid across

individuals), and that individuals maximize utilities, it is very simple
to draw from p(V|3, Y, X)

&(Vi — Xip3)
1 —&(=XiB)

@ This naturally leads to a Gibbs sampler

p(Vi|B, Y, Xi) = = Truncated normal
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Example 1: Binomial Probit

e Prior distribution: 8 ~ N(3,A™!). Diffuse prior: A is set to a small
value.
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Example 1: Binomial Probit

e Prior distribution: 8 ~ N(3,A™!). Diffuse prior: A is set to a small
value.
e Markov chain: Starting point (3°, V9)
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ECON 899: Computational economics

Example 1: Binomial Probit

e Prior distribution: 8 ~ N(3,A™!). Diffuse prior: A is set to a small
value.
e Markov chain: Starting point (3°, V9)
@ Data augmentation: Conditional on 3¢~!, sample latent utility from
truncated normal

P(Vi—XiB) _
Vi~ {1—¢(—XIB_H) FY;=1
1

o(Vi—Xip _
sxpn Y=o
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Example 1: Binomial Probit

e Prior distribution: 8 ~ N(3,A™!). Diffuse prior: A is set to a small
value.
e Markov chain: Starting point (3°, V9)
@ Data augmentation: Conditional on 3¢~!, sample latent utility from
truncated normal

P(Vi—XiB) _
Vi~ {1—¢(—Xf6_f—l) FY;=1
1

o(Vi—Xip _
sxpn Y=o

© Parameter updating: Conditional on “realized” random utilities for
each i we have a standard linear regression

Vi=XiB + ¢

BN (B XX +A)T), A= (XX) XV + AB)
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Example 1: Binomial Probit

e Prior distribution: 8 ~ N(3,A™!). Diffuse prior: A is set to a small
value.
e Markov chain: Starting point (3%, V°)
@ Data augmentation: Conditional on 3t~ sample latent utility from
truncated normal

P(Vi—XiB) _
VN{FMJWﬂ fyi=1

d(Vi—=XiB) _

acxpy  fYi=0

© Parameter updating: Conditional on “realized” random utilities for
each / we have a standard linear regression
Vi=XiB + ¢

BN (B XX +A)T), A= (XX) XV + AB)
@ This process is repeated t — co. After dropping the first M draws,

{8} is a random sample from the posterior distribution (e.g.
mean/standard deviation ~ ™ and s.e.).
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Example 2: Multinomial Probit

@ The same insights can be applied to multinomial model with
correlated errors.

@ Random utility with 4 options:
V,:,':X;_,ﬂ—l-e,'j G;N(O,Z) and j=1,...,3

as before Vjg = 0.
o Data Augmentation: Given (51, ¥t"1), option 1 is chosen if

Vit > Vjp, Vii>Vis, Vi >0

and V; ~ N(X;8',X). This means that we can draw V's using the
GHK procedure:

@ Draw €;1 such that: €; > —Xilﬁt

@ Draw €j» such that: 6§ — € > Xizﬁt_l — X,'lﬁt_l

© Draw €3 such that: e —e3 > X381 — X; 811
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Example 2: Multinomial Probit

o Parameter updating: Given {V,..., V5},_, ., wecan
“estimate” (3, X) using standard regression (i.e. we have a system of
3 linear equations)

‘/Ut:XI_jﬂ—f_elﬁ 6i’\JN(O7z)
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Example 2: Multinomial Probit

o Parameter updating: Given {V,..., V5},_, ., wecan
“estimate” (3, X) using standard regression (i.e. we have a system of
3 linear equations)

Vut :Xijﬂ—f-e,'j, €j ~ N(O,Z)
Bayesian updating step for 5tt1:
Bt-l—l ~ N <B’ (X/Q—lx + A)—l)
and f = (X'QIX + A)Y(X'QIVE+ AB)
where Q =Yt ® Iy.
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Example 2: Multinomial Probit

o Parameter updating: Given {V,..., V4},_;,  wecan
“estimate” (3, X) using standard regression (i.e. we have a system of
3 linear equations)

‘/Ut I_jﬂ + €ij, € N(07Z)

Bayesian updating step for 51
Bt—i—l ~ N <B’ (X/Q—lx +A)—1>

and f = (X'QIX + A)Y(X'QIVE+ AB)
where Q =Yt ® Iy.
Bayesian updating step for X1

ST W+ N (V+S)TY), S = Zee

where (v, V) are priors on ¥, and W(-) is the Wishart distribution
(i.e. "multivariate” version of the chi-square)

37 /46



Example 3: Hierarchical Bayes for Mixed Logit

o Payoff function:
Uijt = Xijt/Bi + €ijts  €ijt ~~ T]-EV(Oa 1)751‘ ~ N(b7 W)

@ Priors: b ~ N(bp,o0) and W ~ Inverted Wishart(vp, So)
e Conditional on f;, the likelihood of y; = {yi1, ¥i2, ..., ¥iT}:

L(yilBn) = [ ] Pr(yiel 8i)

Logit

@ As before, the key idea is to draw from the posterior distribution of
(b7 W7 Bi):

p(b, W, 3i|Y) H L(yi|Bi)e(Bilb, W)k(b, W)
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Example 3: Hierarchical Bayes for Mixed Logit (continued)

@ Challenge: Unlike multi-nomial probit, we cannot sample directly
from the conditional distribution §; (conditional on Y)
@ Solution: Mix MH with Gibbs
o Steps:
Q b'|W,g; for all n: Since f; is normally distributed with mean b, the

posterior is _
b’ ~ N(B, W/N)

where 3 is the mean of f3;.
@ W|B;, b for all n: The posterior distribution of the variance-covariance
matrix is obtained from the empirical distribution of 3; and the prior:

voSo + NS

W' ~ Iw =
(vo,51), S y

where 5 = £ >, (8i — b')(Bi — b
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Example 3: Hierarchical Bayes for Mixed Logit (continued)

@ fi|b, W: Since we cannot draw 3; directly from the density, we need
to use Metropolist-Hastings
@ For each /i, draw candidate parameter vector: B; = B; + pLn;,
n;i ~ N(0,1), L = Choleski(W) and p is a tuning parameter.
@ Calculate acceptance probability ratio:

, L(yil i)
=ming 1,
’ { L(yi8i)
© Accept/reject: Draw u; ~ U[0, 1]
@ Repeat.
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Application: “Estimating Risk Preferences from Deductible
Choice”, Cohen and Einav (AER, 2007)

e Objective: Quantifies the importance of adverse/advantageous
selection in insurance markets by estimating the joint distribution of
risk aversion (r;) and accident risk (\;)

o Model:

» Two car insurance plans: (a) High deductible (d", p"), and (b) Low
deductible (d’, p'). Where p" < p’ and d" > d'.

» Claim distribution: claims; ~ Poisson(A;t;)

> Indifference condition (t; — 0):

(b — p")u/ (w) = A (u(w — d') — u(u — d"))

—u"(w) )u‘AAd —1 (A7)
~ =r*(\
u'(w) 0.5(d" + d') '
where r; is the coefficient of absolute risk aversion, and the second
term comes from a Taylor expansion around w — d.

= Choice = hif r; >
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Application: Econometric model

@ Consumer heterogeneity:
> In)\; = x;8+¢;
> Inr =Xy + v
» Latent variables: y = (InAy,...,In A\, Inr, ... Inr,)7

Observed attributes: x = (xg,...,Inx,)" and X = (X 0>

v

0 x
» Correlated errors: u; = (€;,1;)7 ~ N(0,%)
» Slope parameters: § = (3,7)"
@ Contract choice probability:
Pr(choice; = h|x;) = Pr(x;y + vi > Inr*(\;))
1

Ap
_ exp(x;B+e)Ad
where r*(Ai) = =G5 (grany

@ Density of claims:
Pr(claim;) = Poisson(t; exp(x;3 + €;))
@ Joint likelihood:
Li(Yi|Xi, 8) = Pr(claim;, choicej|A;, ri) Pr(A;, ri|xi, 0)
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Application: MCMC algorithm

o Step 1: Posterior distribution of parameters

S|, {u}"y ~ N ((XTX)—ley, v le (XTX)—l)

-1
Y16, {uj}"_; ~ Wishart; (a +n— k, <Q_1 + Z u,'u,-T> )

and a=0and Q! =0 (i.e. diffuse prior).

o Step 2: Gibbs data augmentation step for risk aversion parameter

6(mi()/(=p?)0? )

< If choice = h
Inri|Ai, 6,2 ~ L=(r* (A )im7,\/(1=p?)0?)
T o (mi(3)/(1=p)3) .
If choice =/

O(r*(A))imf\/(1=p?)o?)
where m[ = x;v + 225 (In Aj — xi3)
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Application: MCMC algorithm (continued)

o Step 3: Metropolis-Hastings data auction step for claims risk

» For each 7, sample candidate parameter: In 5\,- = In\; + on; where
ni ~ N(07 1)
» Evaluate likelihood:

I,-(/N\,-) = p(claim,-|5\,-7 t) X ¢ (In \i; m,-)‘, \/af\(l - p2)>

where m} = x; 8 + 22 (In r; — x;7y)
» Accept A with probability:
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Estimation /simulation results

Variable Ln()) equation Ln(r) equation Additional quantities
Demographics: ~ Constant —1.5406 (0.0073)* —11.8118 (0.1032)* Var-covar matrix (3):
Age —0.0001 (0.0026) —0.0623* (0.0213) o) 0.1498 (0.0097)
Age? 6.24-107°(2.63 - 1077) 6.44-1074(2.11-107%H* o, 3.1515 (0.0773)
Female 0.0006 (0.0086) 0.2049 (0.0643)* P 0.8391 (0.0265)
Family Single Omitted Omitted
Married —0.0198 (0.0115) 0.1927 (0.0974)* Unconditional statistics:*
Divorced 0.0396 (0.0155)* —0.1754 (0.1495) Mean A 0.2196 (0.0013)
‘Widower 0.0135 (0.0281) —0.1320 (0.2288) Median A 0.2174 (0.0017)
Other (NA) —0.0557 (0.0968) —0.4599 (0.7397) Std. Dev. A 0.0483 (0.0019)
Education Elementary —0.0194 (0.0333) 0.1283 (0.2156) Mean r 0.0019 (0.0002)
High school Omitted Omitted Median r 7.27-1070(7.56 - 1077)
Technical —0.0017 (0.0189) 0.2306 (0.1341) Std. Dev. r 0.0197 (0.0015)
College —0.0277 (0.0124)* 0.2177 (0.0840)* Corx(r, A) 0.2067 (0.0085)
Other (NA) ~0.0029 (0.0107) 0.0128 (0.0819)
Emigrant 0.0030 (0.0090) 0.0001 (0.0651) Obs. 105,800

Takeaway

o Heterogeneity in risk aversion is more important than unobserved

heterogeneity in claims: Limited adverse-selection.

o Positive correlation between A and r: Advantageous selection.

ECON 899: Computational economics

45 / 46



Summary

@ Low dimensional problems: Quadrature
@ Large dimensional problems: Monte-Carlo simulation

» Truncated normal: GHK
» Non-normal density (known): Importance sampling
» Unknown density: MCMC
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