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Introduction: Omitted attributes

A motivating example: Trajtenberg (1989)
Research question: What is the value of technology innovation?

I Case study: Diffusion of CT scans

Demand model:

σjt =
exp(g(xjt) + α(yi − pjt))∑

j ′∈Jt exp(g(xjt) + α(yi − pjt))
=

exp(g(xjt)− αpjt))∑
j ′∈Jt exp(g(xj ′t)− αpj ′t)

where zjt is a vector characteristics and pjt is the “residual” price of j
(hedonic).

Value of technological progress:

∆Wt =
1

α̂
×

[
ln

∑
j∈Jt

exp(ĝ(xjt)− α̂pjt)


− ln

 ∑
j∈Jt−1

exp(ĝ(xj ,t−1)− α̂pj ,t−1)

]
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Introduction: Omitted attributes

Upward sloping demand!

Omitted variable bias: Unobserved quality of new scanners
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Data: Aggregate demand and characteristics

Data: Panel of market shares and product characteristics:

{st , pt , xt}t=1,...,T

where t indexes a market, xt = {xjt,1, . . . , xjt,K}j=1,...,nt is a matrix of
observed characteristics, and {pt , st} = {pjt , sjt}j=1,...,nt is a matrix of
endogenous prices and market shares.

sjt denotes the observed share of consumers choosing j in market t
(e.g. geography, time period, etc)

Measurement?

sjt =
Qjt

Mt

where Mt is the number of potential buyers.

I will use wjt to denote a vector of price instruments.
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Incorporating Omitted Attributes: Logit case

Relaxing the conditional independence assumption (Berry 1994):

Vijt = xjtβ − αpjt + ξjt + εijt

where ξjt is unobserved by the econometrician.

This is a clear violations of the assumption and residuals are
independent of (x , p):

E (ξjt + εijt |xjt , pjt) 6= 0

MLE can identify (at most) a product/market fixed-effect:

δjt = xjtβ − αpjt + ξjt

Normalization: δ0t = 0.

How?
δ̂jt = σ−1

jt (st) = ln sjt − ln s0t = Log odds ratio
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Omitted attributes: Instrumental Variables

Identification of (β, α)? Instrumental variables.

Assumptions:
I Exogenous characteristics: E [ξjt |xt ] = 0
I Price instrument (e.g. cost shifter): E [ξjt |zjt ] = 0

Notation:
I yjt = ln sjt − ln s0t

I Matrix of characteristics: Y , X and Z (X includes price)

Estimation: GMM

Moment condition: E [ξjt · zjt ] = 0

Empirical moments:
1

n

∑
j ,t

(yjt − xjtβ + αpjt) · zjt︸ ︷︷ ︸
gjt(θ)

= 0

where n =
∑

t Jt is the number of observations and θ = (α, β)

Empirical moments in matrix form:

ḡn(θ) = n−1Z ′(Y − Xθ)
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Omitted attributes with Non-IIA Demand: Nested-Logit
Source: Berry (1994)

Lets drop pjt (Exogenous characteristics)

Example:
I G segments

Vijt = δjt + νig + (1− λ)εijt If j ∈ g

λ is nested-logit parameter (i.e. correlation in errors).
I Demand:

σj(δt ,Gt) =
exp(δjt/(1− λ))

Hg

[∑
g ′ Hg ′

]
where Hg = ln

[∑
j∈g exp(δjt/(1− λ))

]
is the inclusive-value of

segment g .

Inverse-demand:

sjt = σj(δt ,Gt ;λ)→ δjt = ln sjt − ln s0t − λsj |g ,t = σ−1
j (st ,Gt ;λ)

where sj |g ,t is the conditional share of j in segment g .
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Nested-Logit
Source: Berry (1994)

Implication: The inverse demand takes the form of a linear regression

yjt = ln sjt/s0t = xjtβ + λsj |g ,t + ξjt

Implication: (βols , λols) is biased. Why?
I The popularity of j in segment g is function of ξjt
I λ̂ols is biased upward: Too much correlation in taste
I This biased is present wether or not characteristics are exogenous

Omitted variable bias: When a product is popular in a segment.
Two possible reasons:

I Large λ: Rival products have unfavorable attributes (or fewer options)
I Zero λ: Product j has large unobserved quality

Without further assumptions on (Gt , xt) it impossible consistently
identify λ
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Nested-Logit
Source: Berry (1994)

Assumption: The residual quality of j is independent of the menu of
characteristics xt = {x1t , . . . , xJt ,t} available in market t

E [ξjt |xt ] = 0

This conditional moment restriction (CMR) was introduced by Berry
(1994) and Berry et al. (1995)

This is not as strong as it seems like...

The quality index δjt is linear in ξjt and so we can condition of rich
fixed-effects. E.g.:

δjt = xjtβ + µj + τt + ξjt → E [ξjt |xt , µj , τt ] = 0

Example: Moment conditions with option fixed-effects:

E [ξjt · żjt ] = E
[(

ẏjt − ẋjtβ − λ ˙ln sj |g ,t

)
· żjt
]

where ẋjt = xjt − x̄j is the “within-transformation” of characteristics.
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ẏjt − ẋjtβ − λ ˙ln sj |g ,t

)
· żjt
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Nested-Logit
Source: Berry (1994)

Examples of relevant IVs for λ:
I Number of products in the same nest
I Characteristics of products in the same nest

Adding back prices:

yjt = ln sjt/s0t = xjtβ − αpjt + λsj |g ,t + ξjt

Takeaway: We need two independent sources of exogenous variation
I IV for p: Cost/markup shifter
I IV for s: Characteristics of rival products
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General Case: Mixed-logit demand system

Indirect utility function (Nevo 2001):

Vijt =

{∑K
k=1 βi ,kxjt,k − αipjt + ξjt + εij If j 6= 0

εi0 Else.

βi ,k = βk + ziπk + νi ,k

αi = α + ziπp + νi ,p

zi ∼ Dt(·) (known) and νi ∼ F (νi ;λ) (unknown)

Average utility: δjt = xjtβ − αpjt + ξjt

Characteristics vector: xjt =
{
x

(1)
jt , x

(2)
jt

}
.

I Attributes with common valuation: x
(1)
jt

I Attributes with heterogenous valuation: x
(2)
jt

Parameters:
I Linear: Mean utility parameters (β, α)
I Non-linear: Demographic weights (π) and random-coefficients (λ)

ECON 999: Computational Economics 11 / 35



General Case: Mixed-logit demand system

Indirect utility function (Nevo 2001):

Vijt =

{∑K
k=1 βi ,kxjt,k − αipjt + ξjt + εij If j 6= 0

εi0 Else.

βi ,k = βk + ziπk + νi ,k

αi = α + ziπp + νi ,p

zi ∼ Dt(·) (known) and νi ∼ F (νi ;λ) (unknown)

Average utility: δjt = xjtβ − αpjt + ξjt

Characteristics vector: xjt =
{
x

(1)
jt , x

(2)
jt

}
.

I Attributes with common valuation: x
(1)
jt

I Attributes with heterogenous valuation: x
(2)
jt

Parameters:
I Linear: Mean utility parameters (β, α)
I Non-linear: Demographic weights (π) and random-coefficients (λ)

ECON 999: Computational Economics 11 / 35



Baseline Model: Exogenous Characteristics

Consider first a model without prices and without demographics
characteristics

Demand: Linear random-coefficient with T1EV random utility shocks

σj

(
δt , x

(2)
t ;λ

)
=

∫ exp
(
δjt + νTi x

(2)
jt

)
1 +

∑Jt
j ′=1 exp

(
δj ′t + νTi x

(2)
j ′t

)dF (νi |λ)

where δjt = β0 + x
(1)
jt β1 + x

(2)
jt β2 + ξjt .

The residual of the model is obtained from the inverse-demand
function:

ρj(st , xt ; θ) = σ−1
j

(
st , x

(2)
t ;λ

)
− xjtβ, where θ = (β, λ).

Important: The model residual is a non-linear function of λ. This
leads to a non-linear IV estimator
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Identifying Assumption

Assumption: The unobserved attribute of each product is
independent of the menu, xt , of characteristics available in market t,

E [ξjt |xt ] = 0 (CMR).

In practice, the model is estimated using a finite number (L) of
unconditional moment restrictions, Aj(xt) (aka instruments):

E
[
ρj(st , xt ; θ

0) · Aj(xt)
]

= 0

↔ E
[(
σ−1
j

(
st , x

(2)
t ;λ0

)
− xjtβ

)
· Aj(xt)

]
= 0.

Questions:
I How to choose Aj(xt)?
I How to estimate (β, λ)?

ECON 999: Computational Economics 13 / 35



How should we choose the instruments?

True model: Random-coefficient with exogenous attributes

σj(δt , x
(2)
t |λ) =

∫
exp(δjt + ληix

(2)
jt )

1 +
∑

j′ exp(δj′t + ληix
(2)
j′t )

dF (ηi |λ)

⇒ xjtβ + ξjt ≡ δjt = σ−1
j (st , x

(2)
t |λ)

Wrong model: Logit

σ−1
j

(
st , x

(2)
t |λ = 0

)
= ln sjt/s0t = xjtβ + ∆jt + ξjt︸ ︷︷ ︸

rjt=Logit residual

where ∆jt = σ−1
j (st , x

(2)
t |λ = 0)− σ−1

j (st , x
(2)
t |λ) (omitted variable)

Identification: Aj(xt) is a strong and valid instrument if

E [ξjtAj(xt)] = 0 and E [rjtAj(xt)] 6= 0
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Identification in a Picture

(A) IV: Sum of rivals’ characteristics
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(B) IV: Euclidean distance in x
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Interpretation: Products that have few close substitutes (↑ distance)
have large market-share (at the true λ)

Under logit (λ = 0), isolated products are predicted to have higher
quality (i.e. ↑ ∆jt)

Clear violation of the moment condition
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Instrument selection: General result

An instrument function is “strong” if it is a good predictor of the
inverse-demand function:

E [σ−1(st , x
(2)|λ)|xt ] ≈ Aj(xt)γ

This corresponds to the reduced-form of the model.

Proposition (Gandhi and Houde 2020): If the distribution of
{ξj}j=1,...,n is exchangeable (conditional on xjt), then the reduced
form can be written as

E
[
σ−1
j

(
s, x (2);λ0

)
|x
]

= g (d j)

where g is a symmetric function of the state vector.

Implication: The optimal instrument is a function of the distribution
of characteristics differences (aka Differentiation IVs)
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This corresponds to the reduced-form of the model.

Proposition (Gandhi and Houde 2020): If the distribution of
{ξj}j=1,...,n is exchangeable (conditional on xjt), then the reduced
form can be written as

E
[
σ−1
j

(
s, x (2);λ0

)
|x
]

= g (d j)

where g is a symmetric function of the state vector.

Implication: The optimal instrument is a function of the distribution
of characteristics differences (aka Differentiation IVs)
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Why is symmetry of the reduced-form useful?

The reduced form is a symmetric function of characteristic
differences:

E
[
σ−1
j

(
s, x (2);λ0

)
|x
]

= g (d j)

Definition: g(d1, d2) is a symmetric function if g(d1, d2) = g(d2, d1).

Example: Single dimension djt = {x1t − xjt , x2t − xjt , . . . , xJt ,t − xjt}
I Second-order approximation of g(d):

g(djt) ≈
∑
j′

γ1
j′djt,j′ +

∑
j′

γ2
j′(djt,j′)

2 + γ3

∑
j′

djt,j′

2

= γ1

∑
j′

djt,j′

+ γ2

∑
j′

(djt,j′)
2

+ γ3

∑
j′

djt,j′

2
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Implication 1: Polynomial Basis

Single dimension measures of differentiation

Quadratic: Aj(xt) =
∑
j ′

(
dk
jt,j ′

)2

Note:
√
zjt,k is the Euclidian distance between product j and its rivals

in market t along dimension k .

Adding interaction terms:

Covariance: Aj(xt) =
∑
j ′

dk
jt,j ′ × d l

jt,j ′
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Implication 2: Histogram Basis

Note: This approach is advisable only in very large samples (+large
choice-sets), and when the goal is to estimate a very flexible
distribution of RCs.

Single dimension measure of differentiation = Number of rivals in
discrete bins

Aj(xt) =

∑
j ′

1
(
dk
jt,j ′ < κl

)
l=1,...,L

Multi-dimension measure of differentiation:

Aj(xt) =

∑
j ′

1
(
dk
jt,j ′ < κl

)
1
(
dk ′
jt,j ′ < κl ′

)
l=1,...,L,l ′=1,...,L
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Implication 3: Local Basis

Note: In most parametric models, the inverse demand is function of
characteristics of close-by rivals. Therefore, in the previous histogram
basis, we should be focussing on “local” rivals.

Single dimension measure of differentiation = Number of nearby rivals
along each dimension

Aj(xt) =
∑
j ′

1
(
|dk

jt,j ′ | < κk

)
, e.g. κk = sd(xjt,k)

Multi-dimension measure of differentiation:

Aj(xt) =
∑
j ′

1
(
|dk

jt,j ′ | < κk

)
× djt,l , e.g. κk = sd(xjt,k)

When xjt,k is discrete, this basis function boils down to the familiar
Nested-logit IVs.

I Number of competitors and characteristics of rivals within segment
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Differentiation IVs with Endogenous Prices
Example with cost shifter

1 First-stage price regression:

p̂jt = π̂0 + π̂1xjt + π̂2ωjt

This could be richer/more non-linear. Goal: Provide a good fit using
(x ,w)

2 Differentiation IV: Quadratic∑
j ′

(
d p̂
jt,j ′

)2
and

∑
j ′

(
d p̂
jt,j ′

)2
· d jt,j ′

where d jt,j ′ = (dx
jt,j ′ , d

p̂
jt,j ′).

3 Differentiation IV: Local∑
j ′

(
|d p̂

jt,j ′ | < sd(p̂jt)
)

and
∑
j ′

(
|d p̂

jt,j ′ | < sd(p̂jt)
)
· d jt,j ′
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Does it matter?
Monte-carlo simulation results from the quality-ladder model
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How can we estimate the model?

Non-linear GMM estimator:
I Moment conditions:

ḡ(β, θ) =
1

n

∑
j,t

Zjt

(
σ−1
j (st , x

(2)
t , pt |λ)− Xjtβ

)
︸ ︷︷ ︸

Residual: ρjt(β,λ)

= 0

I Nested fixed-point optimization problem:

min
λ

ρ(λ)TZW−1ZTρ(λ)

s.t. ρjt(λ) = σ−1
j (st , x

(2)
t , pt |λ)− Xjtβ(λ)

β(λ) = Linear IV estimate given λ

I Note: Expressing β as a function of λ greatly simplifies the
optimization problem (i.e. dim(λ) << dim(β)).
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Three computational challenges

Numerical optimization problem: BFGS or Simplex (relatively simple
when IVs are strong)

Numerical integration:

σj(δt , x
(2)
t , pt |λ) =

∫
exp(δjt + αipjt + x (2)νi )

1 +
∑

j ′ exp(δj ′,t + αipj ′,t + x
(2)
j ′,tνi )

dF (αi , νi |λ)

≈
∑
r

wr
exp(δjt + αrpjt + x (2)νr )

1 +
∑

j ′ exp(δj ′,t + αrpj ′,t + x
(2)
j ′,tνr )

Example: Monte-carlo simulation (wr = 1/R), quadrature method
(wr = gaussian weights).

Non-linear equation solution (fixed-point):

δjt = σ−1
j (st , x

(2)
t , pt |λ)
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Pseudo-code
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Demand inversion: Fixed-point algorithm

Algorithm 1 (Berry et al. (1995)): The following function is a
contraction mapping

δijt = Γ(δi−1
t ) ≡ δ−1

jt +
(
ln sjt − lnσj(δ

i−1
t )

)︸ ︷︷ ︸
step size

1 Initial guess: δ0
jt

2 Iteration i :
δijt = δi−1

jt +
(
ln sjt − lnσj(δ

i−1
t )

)
3 Stop if || ln sjt − lnσj(δ

i−1
t )|| < ε. Else repeat step 2.
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Demand inversion: Fixed-point algorithm

Algorithm 2: Newton’s nonlinear root-finding algorithm

I Univariate example:

f (x) = 0

I Initial guess: x0

I Linear approximation:

0 = f (x) ≈ f (x0) + f ′(x0)(x1 − x0)

x1 = x0 − f ′(x0)f (x0)

I Iteration k :

xk = xk − f ′(xk)f (xk)
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Demand inversion: Fixed-point algorithm
Algorithm 2: Newton’s nonlinear root-finding algorithm

I “Zero” functions (Jt × 1):

f (δt) = ln st − lnσ(δt)

I Jacobian matrix:

Df (δ) = −
[
∂σj(δt)

∂δkt

]
/σ(δt)

where

∂σj(δt)

∂δkt
=

{∑
r wrσj(δt |νr )(1− σj(δt |νr )) If j = k

−
∑

r wrσj(δt |νr )σk(δt |νr ) If j 6= k

I Pseudo-code:
1 Initial step: δ0

t = ln st − ln s0,t (Logit)
2 Iteration k: Demand and Jacobian calculation

σjt(δ
k
t ) and Df (δk)

3 Updating step:
δk+1 = δk − Df (δ)−1f (δk)

4 Stopping rule: f (δk) < ε.
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Sample code: Demand and Jacobian calculation

ECON 999: Computational Economics 29 / 35



Side note: Parallel computing

Many problems we have discussed so far can be computed efficiently
in parallel using multiple cores on your computer (multithreading), or
multiple CPUs on campus (multiprocessing).

When is it efficient to parallelize a problem?
I There is no dependency between calculations that are distributed
I Information shared across threads cannot be too large (e.g. many

global variables, or very large data-sets)
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Side note: Parallel computing

Example 1: Life-cycle model
I Optimization problem:

Vt(d , e) = max
c,d′

c1−σ

1− σ
+ βEVt+1(e′, d ′)

s.t. c + d ′ ≤ (1 + r)d + ew and d ′ ≥ 0

I Backward induction:
1 Maximization step: Evaluates VT (di , ei ) for all grid points i = 1, . . . , I
2 Expectation step: EVT (di , e) ≈

∑
k wkVT (di , ek)

3 Repeat (1) and (2) for t = T − 1,T − 2, ..., 1.

I Scope for parallelization?
F Cannot parallelize the calculation of Vt across time periods because

processors need to know EVt+1

F Given EVt+1(d , e), we can easily parallelize across states (e, s)
F Given Vt(d , e), we can also parallelize the integration step
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Side note: Parallel computing

Example 2: Simulated MLE
I Optimization problem:

max
θ

N∑
i=1

ln Pr(yi |Xi , θ)

Where Pr(yi |Xi , θ) =
∑R

r=1 wr (θ) Pr(yi |Xi , βr )

Scope for parallelization?
I Parallel evaluations of Pr(yi |Xi , θ) across individuals i (e.g. each core

evaluates the choice probability for K <<< I individuals)
I Parallel evaluations of Pr(yi |Xi , βr ) across simulation draws
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Side note: Parallel computing

Example 3: Metropolis-Hastings MCMC
I Simulating θ ∼ L(·)

1 Given previous iteration θi−1: θ∗ = θi−1 + λε where ε ∼ N(0, 1).
2 Evaluate likelihood at new parameter: L(θ∗)

3 Accept θ∗ with probability: α = min
{

1, L(θ∗)
L(θi−1)

}
4 Repeat (1) - (3) until convergence of the chain

I Scope for parallelization?
F No obvious fix to parallelize the simulation step: Parallel chains violate

the markov properties of the chain
F As with example 2, we can parallelize the evaluation of L(θ∗)
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Side note: Parallel computing

Example 4: Nested fixed-point estimation
I The “BLP” model is estimated as follows:

min
λ

ρ(λ)TZW−1ZTρ(λ)

s.t. ρjt(λ) = σ−1
j (st , x

(2)
t , pt |λ)− Xjtβ(λ)

β(λ) = Linear IV estimate given λ

I Scope for parallelization?
F The fixed-point can be easily parallelized across markets t since

demand in market t is independent of demand in market t′.
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Sample code: Inversion algorithm (parallel)

Global vs Local variables?
I Local variables are not shared

across threads

I Global variables are shared across

threads

Example:
I The heterogenous component of

utility, µ, is a local variable that
takes different values across
processors (t)

I The mean utility, δt , is a global
variable that can be modified by
individual processors

I Warning: Two processors cannot

change the value of the same

element of δ (rows)

simultaneously.
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