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Dynamic Investment Game with Entry/Exit
Reference: Ericson and Pakes (1995)

@ Introduction:

» Central element: Productivity is stochastically controlled by firms'
investments.
> Investment is strategic: Markov Perfect Equilibrium (MPE).
» Model is general enough that it can be applied in various contexts:
@ Quality ladder model (Pakes and McGuire (1994)),
@ Learning-by-doing (Benkard (2004), Besanko et al. (2010)),
@ Capacity dynamics (Besanko and Doraszelski (2004)),
@ Horizontal mergers (Gowrisankaran (1999)),
© Advertisement (Doraszelski and Markovich (2005)).

@ See Doraszelski and Pakes (2007) for a review.
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Model

o Actions:

@ Static actions: Price/quantity game. Lead to a (unique) static payoff

function m;(w;, w—_;).

@ Dynamic actions: Entry/Exit, Investment x;(w;,w_;).

e Assumptions: 7;(w;,w_;) is continuous, bounded, and increasing in

wi.

o State space:

>

vV vyVvYyy

Firm i's productivity: w; € Q = {1,2,...,&} (public information).

* w; can represents a quality index, a marginal cost shifter, capacity,
etc.

Entry cost: ¢¢ ~ F¢(.) (private information).

Scrap value: ¢; ~ F(.) (private information).

Industry state: w € S = {wy, ...,wplw; € Q,n < A}

Note: |S| grows exponentially in 7 (curse of dimensionality).
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Model (continued)

@ Assumptions: Payoffs and strategies are symmetric and
anonymous.
» Symmetry: fi(wi,w—;) = fj(wi,w_;).
» Anonymous: f(w;,w_;) = f(wi,w,(—i)
» Where p(—1) is any reordering of indexes —1i.

@ The symmetry and anonymity assumptions reduce dramatically the
industry state space. Two ways of writing the industry state:

Q weS'={w, ., whwi €Quw >wr>...>w,,n<AtCS
QuwesS={s,.,s5lw Q> s, <A}cCS

o Timing:

wr, 5z, Die Investment Realized Entry/Exit

i : :
T 1 r

Entry/Exit decision 5 (Wit W_it) W1, Pits15 P
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Strategic actions

o Investment:
» Firms invest x; to raise the probability of getting a productivity gain
next period:
Pr(w; = wj + vilwi, x;) = Py (vi|x, wi)
where v; € {0,1} and p,(v; = 1|x; = 0,w;) = 0.
» Assumption: p,(v = 1|x,w) is strictly increasing in x;.
» Example (Pakes and McGuire (1994)):
ax
14+ ax

pu(v = 1x,w) = p(v = 1|x) =

o Exit:

> At the beginning of the period incumbents observe scrap value of
equipments ¢; and decide to exit at the end of the period (i.e. all
incumbents receive 7(w;, w_;)).

» Since ¢; is private information, we can characterize the exit strategy
either by an exit cutoff ¢(w;,w_;), or by the continuation probability

r(wiyw-i) = Pr(9 < (wi,w-0)).

ECON 999: Computational Economics

14

5 /53



Strategic actions (continued)

o Entry:
» Each period there are £ potential entrants who live only one period.
» Potential entrants privately observe an entry cost ¢¢ and decides to
enter or not at the end of the period (one period set-up cost).
» Entrants choose to invest x¢ in order to improve their productivity next
period.
» Entry strategy: Optimal cutoff point ¢¢(w;,w_;), or entry probability
ré = Pr(¢ < ¢¢(wi,w_;)).
o State-to-state transitions:
> Individual state transition:

wl/' =wj+ Vi - n 3
~—
productivity gain  aggregate shock
where 7 € {0,1} and Pr(n =1) = 4.
Note: The depreciation shock 7 can either be industry-wide or firm
specific.
> Industry state transition probability matrix: g(w’ ;|w,n) is the

perceived transition probabilities of competitors’ states (i.e. beliefs).
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Value function: Incumbent

@ Incumbent’s problem prior to observing ¢:
v(wi,w—j) = m(wi,w—j) + (1 = r)E lélﬁz Wi(vlw)p, (v]xi) = xi < ¢
+ri [ —xi+ B VVi(Vlw)PV(V|Xi)}

@ Where:
> Wilvlw) =30 ) viwi + v —n,wl )Wl jlwi,w_i,m)py(n),
> w=(wj,w_;).
> r; is the optimal continuation probability:

ri(w,w-i) = F(8) Wivlw)pu (vIx:) — )
> x; solves the following KT-FOC:

x,(BZW(V| M—l) =0

Xi
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Value function: Potential Entrant

@ Entrant’s problem:

VE(w, ¢®) = max {O, —¢® — x7 + BZ W(V|w)py(u|xe)}

Where W is the continuation value of an entrant (i.e. starting at
wj = we), x¢ is defined as before. The entry probability is given by:

e (wnwoi) = F (= x°(@) + B W(rl)p, (v]xE(w))

e Equilibrium: A Markov Perfect Equilibrium (MPE) equilibrium is a
set of functions {x, r, x¢, r¢} such that:
@ The policy functions solve the incumbents and entrants problems given
beliefs g(.|.).
@ The perceived aggregate transition probabilities g(w’ ;|w,n) are
consistent with the optimal response of all agents.
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Properties of the equilibrium

o Existence of a pure strategy equilibrium:

» Continuity of the scrap value and entry cost distributions ensure the
existence of unique entry/exit strategies in probability space (i.e.
perfect-bayesian equilibrium, see Doraszelski and Satterthwaite (2005)
for the exact conditions of profits and F).

> As long the p,(.|x) satisfies some regularity conditions such that the
continuation value is concave, there exits a unique best-reply
investment function (see Ericson and Pakes (1995)).

@ Uniqueness: Very difficult to show, apart for some special cases.
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Properties of the equilibrium

@ Characterization:
» There exists a pair (A, @) such that with probability one:
* there will never be more than i firms active,
* we will never observe an active firm with w; > @ (i.e.
x,-(&),w,,-) = O,wa,‘).
Therefore, the state space is always finite and we can compute an
equilibrium.

@ The equilibrium defines a finite state Markov chain with transition
probability matrix Q(w’,w). Therefore there exists at least one
recurrent class of states R € S°, such that:

» with probability one each sample path {w;} will enter R,
» and once in R the process will stay within it forever.

Note: Since R is typically much smaller and S°, if we can identify it,
we can reduce considerably the computation burden (see Pakes and
McGuire (2001)).
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Computing MPE Nash equilibrium: Gauss-Jacobi VS

Gauss-Seidel algorithms

o Example:
» Static entry game with 2 players and incomplete information.

» Payoff of entering:
T = Qj — HE(N_,) +e=a;i—0p_;+¢
> If ¢; is iid extreme value, the best-response function is given by:

. exp(aj — 0p-;)
i = R(p-i) = =
P (B-1) 1+ exp(a; — 0p—;)

and a Nash equilibrium is such that p; = R(p_;) for all is.

o Gauss-Jacobi:
it 0: Guess p?.
it ki Let p; = pffl, and update strategies using the best-response mapping:
pi = R(p-7)

test: Stop if ||pX — p¥~1|| < 8, else update k + 1.
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Computing MPE Nash equilibrium: Gauss-Jacobi VS

Gauss-Seidel algorithms
o Gauss-Seidel:
it 0: Guess p?.
it k1. Let p_; = pﬁl, and update strategies using the best-response
mapping for player 1:
pr = R(p-1)

it kj: Let p; = pf* for i > j, and p; = p¥ for i < j. Update strategies using
the best-response mapping for player i:

pf = R(p-;)

test: Stop if ||p* — p¥~ || < J, else update k + 1.
@ The Guass-Seidel usually converges faster, but both algorithm can
converge to different equilibria (or not converge at all...).
o Alternatives:
» Damping: pf = aR(p_;) + (1 —a)pf™?

» Random updating orders (in the Gauss-Seidel algorithm).
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Besanko and Doraszelski (2004): Capacity dynamics and
endogenous asymmetries in firm size

o Stylized facts
» Market structure is persistent
» Most industries exhibit important asymmetries: Dominant firm(s)
competing with fringes.
» How heterogeneous initial conditions emerge in the first place?
» Cournot vs Bertrand: Equivalent market-structure?
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Model

@ Duopoly with homogenous products:

D(P) = a—bP = P(Q) = 2 - (a1 + ) = A— BQ

@\m
o

@ Heterogeneous (discrete) capacities:
0<qi <ai

and industry structure: wy = {Gi¢, Got }-
@ Two models of competition:
@ Quantity: Cournot
@ Price competition: Edgeworth-Bertrand (see for instance Deneckere &

Kovenock)
@ Investment affects the prob. of capacity improvement
Gt rag -1,
Pr(Ague|que, xar) = ¢ G200 4 foveif Agy, =0,
1+ix1t If Agre = -1
@ This is in the interior of the capacity grid. Boundary states: g = M
and g = 0.
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Cournot Duopoly Example
o Heterogeneous (discrete) capacities:

0<qi <ai

and industry structure: wy = {Gi¢, Got }-
@ Best-response functions (zero marginal cost):
max (A — Bg; — Bq-i) qi
qi<qi
—+A—2Bg; —Bg_; =0

R(g-;) = min {q,

e Nash equilibrium: {g1(g1, §2), g2(d1,
Q@ Unconstrained: qf = q; = 35 if G
@ Partial constrained: qf = R(q_,-) a
R(q7) > G-
© Constrained: qf =q; if R((T]_,) > g; and R(q,) > q_j
@ Nash-equilibrium profit function:

m(wt) = (A= Bgi(wr) — Bgz(wr)) x q1(w:)
5753

—~

interior solution)

|/\~Q|
oo
= m|3>
> |
m|‘.°
—

>
o
sl

Il
-Ql ‘i
:,.‘
)

(G-i) < gi and



Investment decision

o Fix rival strategy: X(w)
@ Bellman equation:

Vi(w) = m(w) + max § —x1 + B> Wi (gi|w) Pr(g;1g:, x)
- a
where Wi(G1) = 2g Vi (G, G2) Pr(3|d2, %2).
@ Kuhn-Tucker condition:

e OPr(@i|gu, x
—148Y W, (qlww)—(‘gx'jl >0
a

Closed-form best-response function:

@

o) R (51 — {0, “1+ \/Ba (- 8) (W@ + 1) — Wi@)) + 6 (Wi@) — Wila — 1)) }

MPE Nash equilibrium:
» Xi(w) = Ri(xj(w)|w) for all i,j = {1,2}.
> V(W) = mi(w) + —xi + B 2 Wi (G1lw) Pr(gi|gi, i) for all
i,j={1,2}.
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Solution algorithm

@ State space: g; € {Go,-..,qm-1} for i =1,2
@ Solve stage game profits for all w = (g1, G2)
© Starting values: x}(w) and V}(w) for all w for i = 1,2 (imposing
symmetry)
Q lteration k:
» Calculate continuation value:

Wi @) =D Vi (@, @) Pr(@]a2, <)
a,

» Update x;(w) (see previous slide):
X (W) = Ri(x*Hw)
» Update Vi(w):

Vi (w) = m(w) — X1 (w) + /BZ Wi (g1 |w) Pr(@;]G1, <t (w))

a

@ Repeat step (4) until: ||x*(w) — x*"}(w)|| < €1 and

1
|V (w) = VITH)I| < e2.
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o Simulations:

» Vary the depreciation rate J, holding fixed the other parameters. Why?
» & measures the degree of investment irreversibility. Study the role of
“credibility” on long-run industry distribution.

@ Simulation results

@ Quantity game

* If 6 = 0: Firms invest at constant rate until they reach Cournot: x; =0
if g1 > 3.

* If > 0: Firms over-invest (again +/- constant) to maintain the
Cournot quantity in the long-run. As a result, firms hold idle capacity,
the average long-run capacity levels are increasing in ¢, and the
industry structure tend to be symmetric.

@ Pricing game

* Unlike in the Cournot model, investment functions depend crucially on
competitors’ capacity levels: Firms “give-up” quickly when opponent’s
level is larger than 3.

* When firms are symmetric, their investment levels increase: Firm
engage in a “preemption” race to establish a higher capacity level.

* Investments are increasing in the depreciation fractor.

* Why? With price competition, small capacity firms are easily
shut-down, and large capacity firms earn monopoly power on the
residual demand segment.
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POLICY FUNCTION x(i, j): QUANTITY COMPETITION
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POLICY FUNCTION x(i, j): PRICE COMPETITION

8=0

x (i)

x (i)

x(i))
x (i)

ECON 999: Computational Economics 20 / 53



Jo =1

= 25 PERIODS WITH INITIAL STATE iy =

TRANSIENT DISTRIBUTION AFTER T

QUANTITY COMPETITION
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Jo =1

= 25 PERIODS WITH INITIAL STATE iy =

TRANSIENT DISTRIBUTION AFTER T

PRICE COMPETITION

22 /53

Computational Economics

s
=)
=4
o
O
w



Markov perfect industry dynamics with many firms

@ Motivation: Consider a game with N firms and M productivity levels

» With N =20 and M = 40, storying the policy functions of firms would
require over 20 million gigabytes!

» Even if it is storable, computing the transition of the industry is very
costly, and would require an unreasonable level of rationality

» Why? Firms forecast how their actions impact the behavior of all
players in the market.
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Markov perfect industry dynamics with many firms

@ Available approaches to deal with “many firms” industry dynamics:

» Farias, Saure, and Weintraub (2012): Value function approximation
(next semester). Use basis functions to approximate the value function.

» Doraszelski and Judd (2012): Continuous-time industry dynamics.
Why? The probability that two firms choose actions (investment, entry,
etc) simultaneously is zero. As a result firms believe that tomorrow’s
market structure is unchanged (not need to compute Q(w’|w, x))

» Hopenhayn (1992): Atomistic firms. When N — oo, the industry
state is constant over time.

» Weintraub et al. (2008): Obvilious equilibrium (today). N is finite,
but firms choose their strategies assuming that the industry state is
constant (invariant distribution). Similar to Hopenhayn, but rely on an
approximation, rather than a limiting assumption. More suitable for
empirical work.

» Ifrach and Weintraub (2017): Moment-based Markov-perfect
equilibrium. Firms choose their strategies using a (small) set of
moments describing the state of the industry.
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Oblivious equilibrium (Weintraub et al. (2008))
Model and notation

e Firms are differentiated in terms of quality: x;; € {1,..., K}

@ Number of incumbents: n;
@ Industry state:

5p = {Zt 1(xi = 1),21(x,-t = 2),...,21(x,-t = K)} = {s¢(1),...,s(K)}

i=1 i=1 i=1

' ) s(x) =1 I x =X
s-ielx) = {St(x) If x # Xt

@ Demand:
8 exp(g(xit) — apit)
1+ exp(g(xit) — apit) + >y 5-i,:(xit) exp(g (k) — apie)

D(p:|xit, s—i,t) = M

where M is the market size.
e Bertrand-Nash profit: 7(xj¢, s_j+)
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Actions and Timing

@ Dynamic actions:
» Exit: Private-value sell-off value ¢;; (absorbing state)
» Entry: Potential entrant can enter at quality level x¢ by paying x
(common), or stay out (forever)
» Investment: Incumbents choose to invest ¢;; (marginal cost d) to
improve the quality of their products

Xi,t+1 = mMmax (OaXl't + W(Litafi,t+1))

where &; ;11 is a random-shock observed after investment is made.
@ Timing of the game:

@ Incumbents observe ¢;; and make exit and investment decision

@ Number of entrants is realized and entrants pay s

© Incumbents compete in the spot market and profits are realized

© Exiting firms leave the market

© Investment outcomes are realized, new entrants enter, and industry
state is updated: s;1
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Assumptions

@ Assumptions:

>

>

>

¢ir and & are [ID

The investment return function, w(e, &), is nondecreasing in ¢

The transitions generated by w(¢, &) generate a unique investment
choice

There exists a large number of potential entrants who play a
mixed-strategy to enter the market.

@ The last assumption implies that the distribution of entrants is well
approximated by a Poisson distribution with mean A(s;). In
equilibrium A(s;) is determined by a zero profit condition.

o Markov strategies:

>

>
>
>

Investment strategy: ¢(xi,S_i )
Exit strategy: ¢ie > p(Xie, S—i.¢)
Incumbents: p = (¢, p)

Entry rate: A(st)
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Markov Perfect Equilibrium definition

@ Incumbents value function given rivals’ strategy (u, \):
V(x,s|p', p, A) = m(x, §) + max {d),—, max —dv+ E¢r o [V(x', s\, N1, 0, X, s]}

s.t. x" = max(0,x + w(t,¢"))
p'(x,s) = —di(x,s) + Eer.o [V(X',s'|1/, 1, A)|, V' (%, 5), x, 5] [Exit cutoff]

where 1/ = (¢, p’) denotes the optimal policy function given (u, \)
@ Markov-perfect equilibrium:
» Incumbent's strategies u best-response to (i, A)
» At each state, entrants earn zero profits or the entry rate is zero:

BEs [V(x®, 8|, N)|s] — k < OVs
D OA(s) (BEs [V(x®, 8|, M)[s] — 5) =0, A(s) >0

o Large market observations:
» There are no aggregate shocks, and players' actions are |ID
(conditional on s)
» When the number of incumbents is large (i.e. m is large), simultaneous
changes in individual firm quality levels can average out such that the
industry structure remains + /- constant.
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Oblivious strategies
@ Oblivious strategies: Firms assume that the industry structure s_; ;
is constant at its long-turn average, and condition their investment
and exit strategies solely on their own quality level.

Oblivious strategies: ¢(x), p(x), and A.

e Note: If all firms use the same strategy (in equilibrium), the quality of
each firm evolves according to independent transient Markov chains.
> Let Pi(Xt,Xt+1) = Pr(x¢+1|xt, 1) denotes the one-period Markov
process for quality (derived from strategy 1)
» The two-period transition probability is:

P2x,y) = 3 PL(x,x') Pr(xesa = ylxesn = X', )

> Similarly Pf(x, x’) is the k-period transition derived from 1
@ Main Implication: The expected number of firms in state x if firms
use strategy g, A is:

I|m Se(x —)\ZPk x|x¢) = 5, \(x)
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Oblivious equilibrium definition
o Given (8, 5,1, A), an Oblivious value function is given by:

VXl i A) = (% 8u) + max { i, max —do + Eer [ V(x 11, A)], 0, x| }

sit. x' = max(0,x + w(t,&'))

= p'(x) = —di/(x) + Eer [\7()('|,u',u, A, L'(X),x] [Exit cutoff]

@ Note that § enters 7 through the demand and pricing game:
exp(g(xit) — apit)

I+ Zf:l 8(xit) exp(g (k) — apie)

@ An oblivious equilibrium is a pair of strategy such that:

» Incumbent strategies are optimal given (1, A) and §, \
» Entrant’s earn zero profits:

AMBV(x®|u, A) = k) = 0

> Beliefs about § are consistent with (u, \):

D(pt|xit, §) = M x

A Z Pl’j(x|xe) =5,a(x) x
k=0
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Oblivious equilibrium definition (continued)

@ Implications:

» Under OE, the number of firms in each quality level is distributed
according to a Poisson distribution that is independent across x.

» When market size goes to infinity, the industry structure under MPE
becomes approximately constant and converges to S.

@ The previous results suggest that OE can approximate well MPE for
large markets, but this is not quite true.
o Light-tail assumption: High-levels of concentration are unlikely to

occur in the long-run as M — oo.

@ When this assumption is satisfied, OE and MPE are approximately
equal in large markets.

@ In practice... this assumption cannot be verified easily since we
cannot compute the MPE.
@ Bottom line: (i) understand your model, and (ii) use OE as a

“behavioral” assumption rather than strictly speaking as an
approximation to MPE.
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Computing OE
@ The equilibrium entry rate lies between: A = 0, and

Yo 1 (SUsz 7(x,5) +¢>

K

Algorithm 1 Oblivious Ethbnum Solver
LEA=0x:=1 (s“p’ (@ +¢)
2: p(z) :=0forall z
3 n:=0
4: repeat
500 Ai=(A+N)/2
6:  repeat
7 Choose p* € M to maximize V (z|u*, 1, A) simultaneously for all z € N
8: A= p" = pllocs ni=n+1
9 pi=p+ (= p)/(n7+ N)
10:  until A < ¢
1 i AV (2%, \) — & > 0 then
12: A=A
13:  else
14: A=A
15:  end if
16: until |8V (2¢|u, \) — k| < €3

@ Where v and N are a smoothing parameter. Authors suggest:
v=2/3 and N =0.

e Source: Weintraub, Benkard, and van Roy (2010).

@ The paper provides upper bounds on the approximation errors of
using OE that do not require solving the MPE.
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@ Error bound in model with Poisson entry process and high or low

levels of vertical differentiation

10

NERN

% Bound

2 &

(o] .

30 60 125 250 500 1000 2000
Expected Number of Firms

@ Bottom line: Light-tail assumption is not satisfied when
vertical /quality differentiation is important.

—&— Low
—=— High
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@ Part of the approximation error is due to the fact that the number of
entrants has a large variance (due to Poisson assumption)

@ This next simulation exercise replaces the entry process by a
deterministic entry:

6.0 |\
©
S 4.0
o —A—Low
ﬂ; —=— High
=

20

0.0 T T T T

30 60 125 250 500 1000 2000
Expected Number of Firms

@ The approximation error is less than 2% when n is above 350
(compared to 1000+ previously)
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@ The model can be extended to incorporate aggregate shocks:
Weintraub et al. (2010)

» Aggregate shock (first-order markov): z
» Extended strategies function of weighted averages of past shocks:

L(Xita Zhgl(ztvgt71)7g2(zt7gt72)7 cee 7gN(Zt7gt7N)) = L(Xit, Wit)

» Long-run market structure: §, x(w;)

Algorithm 2 Extended Oblivious Equilibrium Solver

1: A(w) = A, for all w

2 p(z, w) == fi(x), for all z,w

3:n:=0
: repeat
Compute 5, x(w), for all w
Choose u* € M, to maximize V (2, w|u*, 4, \) simultaneously for all z, w
for all w do B

X (w) = Mw) (BE [V wesali, 1, Ve = w] /)

: end for
100 A =]l p— g floos Az = A= Moo
1: n:=n+1
12 pe=pt (" - p)/(0 + Ny)
130 A=A+ (A =N/ (0 + Ny)
14: until A; < ¢ and Ay < €

4
5
6:
T
8;
9:
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@ Equilibrium concept is widely used when studying industry dynamics
in large markets

» Matching markets: Brancaccio, Kalouptsidi, and Papageorgiou (2020)
> International trade: Chen and Xu (2020)
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Limitation of oblivious equilibrium concept

@ Poor approximation to MPE when the industry is likely to evolve to
concentrate states

@ Source of market dominance: Quality differentiation, R&D,
Advertising, etc.

o Key: (i) ability for “productive” firms to grow in size, and (ii)
increasing return to scale (cost or quality)
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Example: Advertising and brand goodwill

e Demand given firm i's goodwill (x;t):
D(p:|xit, s) o< X,'?l(y — pit)™

@ Goodwill technology: Increasing return (a3 > 1), Constant return
(a1 = 1), Decreasing return (a; < 1)
@ Long-run distribution of goodwill (xj¢):

30 tfirms

EE H oA 0L
05 1 2 4 8 16 32 o EooUdY

FIGURE 1
Long-run average size distribution (un-normalized) of firms in log-scale. The curve lines represent fringe firms for the
different levels of returns to advertising. The squares represent dominant firms for D-D, the triangles for D-C, and the
circles for C-I
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Stylized facts

e Fact 1: Most concentrated markets have many small firms (e.g.
Pareto distribution)

Fact 2: The cereal example clearly illustrates that the advertising
strategy of top brands affects the profit of others (including fringe).
But the reverse is not true.

Fact 3: The identity of top-brands is endogenous, and Fringe brands
can become dominant if they are successful at innovating.

@ Example: Chobani vs Danone and Yoplait
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Moment-based equilibrium: Ifrach and Weintraub (2017)

@ Goal: Tractable model of concentrated markets with many firms

o Ingredients:
» Exit: Private-value sell-off value ¢;: (absorbing state)
» Entry: N — n; potential entrants face random entry-cost «;;
> Investment: Incumbents choose to invest ¢; (marginal cost d) to
improve the quality of their products

Xit+1 = max (0, xi + w(eit, & r+1))

where &; ;11 is a random-shock observed after investment is made.
» Aggregate shock: z; ~ p(z¢|z:—1) (e.g. demand)
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Timing of the game

© Incumbents observe ¢;; and make exit and advertising decision
@ Potential entrants decide to enter or not after seeing kj;

© Incumbents compete in the spot market and profits are realized
@ Exiting firms leave the market

© Investment outcomes are realized, new entrants enter, and industry
state is updated: s;;1
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Dominant vs Fringe

o Definition: Firms with goodwill x;; > x9 are “dominant” players,
others are “fringe”. The cutoff level is a “tuning” parameter.
@ Industry state variables: s = (d, f, z)

N N N
f;.' = {Z 1(Xit = Xl)?Z]-(Xit = X2), . '721(Xit — Xd o A)}
i=1

i=1 i=1

N N
dy = {Z 1(xie = xd), ... ,Z 1(xie = XK)}

i=1 i=1

o Alternative state-space: $; = (d;, z¢,0;), where 6; = Moments(f;)
is a sufficient statistic of fringe distribution.

o Example: a-th un-normalized moment function

r(x9)

Zxkft Xk

E.g: a =1 is the sum of goodwill among fringe incumbents.
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Moment-based strategies

Individual strategies:

> Investment strategy: ¢(xi, 5;)

» Exit strategy: ¢ir > p(Xit, 5t)

> Entry strategy: kir < A\(5:)
Under MPE, the model generates a first-order Markov transition for
the aggregate state: P, \(s's)
Since #; might not be a sufficient statistic for f;, moment-based
strategies might generate non-Markovian transitions for §

Assumption: If’“,,\(§t+1\§t) ~ Prua(8e+1/5t)

@ How to compute .EA’#,,\(§t+1|§t)?
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Case 1: Observed transition frequencies

e Given strategy (1, A), simulate action sequences from sy for T — oo

e Drop first Ty periods and define the set of visited states (i.e.
recurrent): §; € R, 5. For € R, \:

-
A . . 1(5:=8,0,.1=10")
Pua(0']8) = lim » ==
t=to Et:to 1(8 = 3)

@ Similarly, the probability observed observing a Fringe transitioning to

the dominant state:

.

. 13 =5,f—d

Pur(f — d|g) = lim M
Tmveo t=ty Zt:to 1(§t = §)

o Let P, (X', d’,Z'|x,5) denotes the “exact” Markov transition
probability for the other state variables (i.e. MPE)
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Case 1: Observed transition frequencies (continued)

@ The joint transition probability of the states is:

’SM,A(XI7§I|§7X) =
If § — & includes
Poa(X,d, 2|, s) (60 |s)PH A(f — d|$) )
a new dominant player

Pux(x',d', 2'|x,5)P.A(6']5) [1 — Pua(f — d|s)} Otherwise.

@ Transitions from states outside of the recurrent class are set at
arbitrary values.
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Case 2: Deterministic transition

@ Use the simulated transition to estimate a parametric transition
function. E.g.:

Ot+1 = go(de, z¢) + g1(de, z:)0: = G(0|d, z)

e Use G(0|d, z) to predict transition of fringe state:

. [1 60 =6(0)d,2)
27N If 9 £ G(0]d, 2)

@ This is similar in spirit to Krusell and Smith (1998)
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Next-step: How to compute 7(x, §)?

@ Solution: Average profit conditional on 6
@ Simulation procedure:
» Candidate strategies: u, A
» Simulate sequence of actions starting from sy for T — oo

» Drop first Ty periods and define the set of visited states (i.e.
recurrent): 5 € Ry x.

» For each s; = §, calculate profit function: m(xg, ds, fr, zt) = w(xit, St)
> Average profits:

T
ﬁ(Xit,d,Z,e) = Tlinoo W(th,dt, ﬂ,zt)
t=ty

1(de = d.z = 2.0() = 0,
ZZ—:tO 1(dr = d,z = z,0(f) = 6;)
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Extensions: Smooth(er) transitions

@ Interpolation:

» Frequency estimator is sensitive to sampling noise.
» Observed transitions from “nearby” states are informative:

T ~

. Kn(5 — 8,001 — 0/

Pu,}\(e/‘g) lim 2 : h(s;‘_ S, 9t+1 0 )
T t=ty Zt:to Kh(gt - §)

where Kj(-) is a smooth Kernel.
» The same interpolation strategy can be used to compute 7 (x;, d, z, 6).
» You can also use regression /prediction models to predict both

e Moment-based Markov Equilibrium (MME):
» Firms play Nash equilibrium strategies given perceived transitions

N

Pua(x',8[5,x)
» Transitions are consistent with dominant and fringe strategies
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Solution Algorithm

Algorithm 1 Equilibrium solver

1: Initialize with (u,A) and industry state so = (fy, do,z0) with corresponding So;
2: n:i=1,A:=e+1;
3: while A>e do

4:

hH
6:

Simulate a T period sample path {(f;,d;, z,)},T:l with corresponding (3‘,){:1 for large T';
Calculate the observed frequencies of industry states h(5) := % Z,T=1 1{5; =5}, forall§ e S;
Use the same sample path to compute the perceived transition kernel lA’,,’r, w.al-1x, 8], for all
x,8;
Solve u’ ::argmaxV(x,&lﬂ, ), for all (x,5) € X x 3;
/EEM
Let /(8):= BEu i [V (€, 5141 1/, , V15 =5, forall 5 S ;
A=max(flu—ulln, A=A l1n);
wi=p+@ —p)/(14+n°);
A=A+ —A)/(1+n%);
n:=n+1;

13: end while;

@ The stopping rule is based on a weighted-average norm. Higher

weights on states that are more visited (h(3))

o Given transition P, (x',8'|$,x), the algorithm solves a single-agent
dynamic programing problem.
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Numerical example: Advertising as investment in goodwill

e Demand given firm i's goodwill (x;t):
D(pelxie, s) o xig" (Y — pie) ™
@ Return to advertising:

min(XK,Xit(l—l-A)) W.p. OY(x)eir

i+g)’(X)i[t s
il = it wp. I
min(x1, xit /(1 + A)  w.p. #('X)“t

@ Three parameterizations:

(of,af) = {ap,ac} x {ap,ac, o}

and (ap,ac,a;) = (0.85,1,1.1).
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Other calibrated parameters (Beer industry)

Description Value Source

Number of firms (N) 200 This number is chosen to be greater than
the maximal number of active firms in
this period.

Maximal number of dominant 3 This is the actual number of dominant

firms (D) firms in the industry.
Depreciation of goodwill (p) 0.25 j @}) estimate

this bi .2 for the cigarette market.

Production cost per barrel (c) $120 estimated the markup to be
about a third of the price, and the
average price is $165 per barrel in the
period studied.

Average entry cost (exponential 35x10° Based on costs of new plants.

dist.)
Sell-off value (exponential dist.) 7x10° Based on sales’ price of used plants.
Fixed cost per period fringe 106 We introduce this fixed cost in the
(double for dominant) single-period profit function.

Profit function parameters (Y and 200 and 1, resp. ~ Chosen to match the price elasticity

o) —0.5) for the average price, see
(Tremblay and Trembla L

p. 23).
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Long-run distribution of goodwill (x;)

30 - #firms
IR —_cl
——DC
...... DD
20 0

10 -

HEE B o4 040

64 & {5%

0 T r
0.5 1 8 16 32
FIGURE 1

Long-run average size distribution (un-normalized) of firms in log-scale. The curve lines represent fringe firms for the
different levels of returns to advertising. The squares represent dominant firms for D-D, the triangles for D-C, and the
circles for C-I
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Summary statistics

TABLE 3
Average industry statistics

Industry averages CRA-IRA DRA-CRA DRA-DRA
Concentration ratio C, 0.42 0.36 0.13
Concentration ratio C3 (0.53 0.44 0.17)
First moment (normalized by # fringe) 1.09 1.22 1.74
Active fringe firms (#) 147 166 180
Active dominant firms (#) 3 3 2.3
Size incumbent fringe (goodwill) 1.1 14 2
Size dominant (goodwill) 83.4 64.9 24.1
Entrants per period (#) 16.5 12.3 7.6
Time in industry fringe (2.9 16 26.2)

1536 360 21

Time as dominant

@ What is the value-added of modeling the behavior of fringes?
@ Assume that dominant firms are oblivious with respect to fringe state,

0, = 0 for all t, and compete by playing a MPE inestment game.

e MPE vs MME: The average size of dominant firms drops by 17%.
And the average size of the smallest dominant firm falls around 50%

in the MPE

@ Why? Under MME, dominant players have incentives to deter entry
and push down investment from fringe firms.
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